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AvTi XOIPETIOHOD, £éVAG ATTOXAIPETIOHOG. ..

H mpwTtn ékboon Tou mEPIOdIKOD ONUAGEDTNKE OO TO TPAYIKO
duvoTOXNUa oL OTOiXIoE TN (WM TOOWV PABNTWVY. TOOTEG TIG
OTIYHEG Ta AOyIa atrodeIkvOovTal TWYXE, 0 TTOVOG €ival QveiTTw-
ToG. TI pmmopei va el K&TTo10G 0' éval YoviO TTou Exai0e Eval OEKOE-
Eaxpovo maidi T6oo ampoéopeva kal Gdika! Mdg v amavTioelg
oTa apérpnTa "yioTi" o Kaive kal BoAdvouy T oképn!

Agv Ba emTrxeIpfioovpe V' aTTaAOVOUPE TOV TTOVO HE KOIVOTOTTO!
Aoyia Topnyopidg. Oa ATav avoeelo. lowg, mTePIoadTEPO aTrd
K&Oe GANOv, €pEIG 01 eKTTAIOELTIKOI CUPTTAOXOULHE EINIKPIVE OTO
mévBog Twv yoviwv. MNaTi Cobpe kal epyalOpaaTe pe Ta TaudId. Ei-
Val VI HOG QvaTTOOTTOOTO KOUU&TI TNG 0mapéNg pog. To péyebog
NG ammAsIag gival GLOBAOTAXTO Yot OAN TNV EKTTAISEVTIKI KOIVO-
TNTA.

Eival B€Baio mwg kavévag dev Ba Eexdoel. lowg o Xxpbdvog ap-
BAOvel kamoTe Tov MOVo, A& 6e Ba Tov offoel. Ag ebxnBolpe va
gival Ta TehevTaia maudid mov Buaidlouvv Tn Cwh TOLg Kal Ta 6-
VEIPG TOLG 0TO BWHO TWV TAPGAEIPEWY Kal TNG adIAPOPIaG.

H oképn kol n ayarmn pag 6a oag ouvtpogedel TavToTe. MNai-
o1& ... ka6 Ta&io!.

H ZvvrakTiki EmiTpomn

ks
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AnoAn®viog

‘Eva akOpn HoOnNpaTIKO TEPI0OIKO;

H ¢ékdoon Tou pabnuatikoU TepiodikoU «ATroAAWVIOGY gival TTAE-
ov éva yeyovog. O «AmoAAwviogy exkdideTal kal KUKAOQopei amd
10 MNapdptnua Tou vouoU HuaBiag tng EANvIKAG MaBnuatikig
\ Etaipeiag. AmeuBuveral ae pabntég, @oitntég, pabnuatikoUs, Kai
o€ KGBe Evav TTou £xel pia 181aitepn axéan pe Ta Mabnuartikd.
H 0An Tou Tepiodikol Kiveital yopw ammod ta Mabnuatikd Tou
Aukeiou. MepihapPaver epyaaieg Tavw o€ paBnuarika Béuara, oTiAeg Tou Ba amoteAégouy
H6vIUn Baan Tou TePIdIKOU, OTAAES aAnAoypagiag, aMd Kai GTAAN WE €IORTEIS YUpW OTTO
v dpacmpidtra Tou MapaptAuarog Huabiag Tng EAnvikAg MaBnuatikrg Etaipeiag. Eidika
Twpa Tou 10 Mapaptud uag éxer TNV TIUNTIKF €uBUvn TG dlopydvwang Tou 20 Zuvedpiou
Mabnuatikic Maideiag ou Ba diefayBei atn Bépoia oTig 7, 8 kar 9 NoéuBpn Tou 2003, 10
TEPI0BIKG Pag Ba EVNUEPWVEI TOUG AVOYVWOTES TOU OXETIKG [E TNV TTOpEia TIPOETOINATIAg
TOU Zuvedpiou.
®iodotja TG ZuvTOKTIKAG EMITPOTMG €ival va evepyotroinoel apxIkd Toug pabnrég,
TOUG QOITNTEG KAl TOUG paBnuaTikoUs Tou Nopou Jag, atmd Toug OTToIoUG EXOUWE TNV aTTaiTN-
on va 1po@odoTolV e padnuatiky UAn 1o TepIodikG. Puaikd aTo TepIodIKG ptTopoly va
ypdgouv Kal GAol auvadeA@ol kal Qikol aTTé OTTOIOdATIOTE TTEPIOXNA TNG XWPAg. To TEPIO-
dIkd amoteAei ékdoan Tng EAMnvikr¢ MaBnuartikig Etaipeiag, dpa n axéon Tou We Ty ETal-
pEIa Kal TIG EKOOTEIG TNG, TTOU £XOUV Widl ETTICTNWOVIKA Kal 10TOPIKA dladpopn, €ival oxéon
ouvepyaaiag kal aAnAoBonBeiag.
H éxdoon evog akoun pabnuartikol Tepiodikol dev ival eUKOAN utrdBean. M'vwpiloupe
TIG QUOKOAIEG Kal Ta EUTTOdIA. AKOpN yvwpidoule 0TI N XWPa Pag Oev £XEI TNV «TTOAUTEAEIO
¢ £€kdoang oMWY pabnuatikwy Trepiodikwy. Map’ 6Aa autd ToAyolue, ehmifoviag ot n
TT016TNTA KOl N aTTod0XH TOU EyXeIpAUaTOS Ba givar ekeivn TTou Ba pag dwael To koupdylo va
ouvexiooupe. EmICnToUE KOl TIEPIUEVOUNE TNV KPITIKI TwV GUVADEAQWY Kal QiAwv. Xwpig
auth dev ptropei va umdpyel e€EMEn kar TeAika TTpdodog. MioTeloupe 611 0 «ATTOAAWVIOG»
uE TN ouppeToxr kal Tn BoBeia dAwv Ba avtégel atnv Tieon Tou epwrAuaTog: «lMati éva
QKON padnuartiko TePIOdIKG;»

Matradorouhog KwoTag

lpdéedpog Tng A.E.

Tou rrapaprijparo¢ N. Hualiag

NS EAAnvIkn¢ Ma@nuarikn¢ Etaipeiag
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EKAHAQZH
A TON

OEOAQPO N.

KAZANTZH
(1937-1999)

T 0 Zapparo 1 deBpouapiou 2003 To MapdpTnua NopoU Huabiag Tng EA-
Anvikig Mabnuartikig Etaipeiag diopydvwoe ekdAAwon yia va TINACEI
TN MVAKN TOu padnuatikol Oeddwpou Kalavtdr.

21nv ek®AAWON TTou TTpayuatoTroifenke otn Anudoia Kevtpikr) BiBAI0BAKN
NG Bépolag TpookAnBnkav kal piAnocav yia tn {wi, TIG OTTOUdEG, TO ETTI-
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TTOAUTEAES TTEQITUAIYUQ, YEUATO TTPOXEIPOTNTES Kal AGOn. Aurd 1a BiBAia dev
Hoppwvouv, ammoBAakwvouv! Na 10 eKTTaIGEUTIKO, KOIVWVIKO Kai £BVIKO Ka-
TAVTHUQ OTO OTTOIO £XOUNE QPTATEI»

AkoAouBnoe €vag xeinappwdng, ETTIKPITIKOG AOYOG TTOU ETTEKTABNKE OTIG
ETMIXEIPOUMEVEG TOTE (1997) aAAayég oTo AUkelo, Tnv avadidragn NG UANG
Twv MabnuaTtikwyv Kkal 1Id1aiTepa TNV agloAdynon e TIG AEYOUEVESG KEPWTATEIG
QVTIKEIPEVIKOU TUTTOU».®

Quoikd ATav adlvaTto ekeivn TN OTIYPH VO QVTATTIOKPIBW OTNV TTPOKANCN
Kal va etmxeipiow "epunveieg». O Oeddwpog KalavilAg £€6coe péoa o Aiya
AETTTd, pe 1O OIKO Tou povadikd TPOTTO, £va TTARB0G atrd {NTAMATA TTOU GQOo-
poUv Tn padnuatikn (kar 6x1 povo) ektraideucon. EmBeRaiwoe €101 yia GAAN
Mia @opd o1 N AISakTIKA Twv MabnuaTikwy atroTteAei éva dUokoAo TTPORAN-
Ma oTo 0TT0i0, €KTOG atrd Ta MaBnuartikd, TTpétmel Kaveig va AdBel TToAU oo-
Bapd uttéwn TNV £Tidpacn TTOAAWY GAAWVY TTOPAPETPWV.

O Oeb6dwpog Kalavtlng utripée yia péva Kai moTelw yia TToAAOUG TTou
Bpiokovtal oAuepa ¢’ autAv Tnv aiBouca évag SAOKAAOG HE KABOPIOTIKNA
emidpacn, 1600 GToV TPOTTO TTou PAaBape Mabnuatiké, 660 Kal 010 TPOTTO
ME TOv oTToio TTpooTTaboupe va d1ddcoupe MabnuaTtikd oe GAAoug. Euxoual
oTo MapdapTtnua Huabiag Tng E.M.E. va ouvexioel Tnv mapddoon TTou eyKai-
vIdZel atréYe, Pe TN dlopyavwaon TIMNTIKWY EKONAWOCEWY Kal yia AAAoug Aa-
MTTPOUG daakaAoug Twv MaBnuaTikwy Tou BopeloeAAadIKOU Xwpou.

o] améyelg Tou Oeddwpou Kalavtln yia To CUYKEKPIPEVO ATNHA €XOUV KATATEDEI
otnv gpyacia Tou «H atmropuBotroinon Twv tests TOAAATTARG €MIAOYAS» TTOU
OnuoaoielTnke aTo TTEPIOdIKO Mabnuarikh MNaideia, Te0x0G 2, 60. 19-27 (1996).
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EPTOrPA®IA
OEOAQPOY N. KAZANTZH
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THMEIQZH: O O¢6dwpog Kalavtlng éAaBe PEPOG WG €I0NyNTrG Kal o€ GAAQ GUVEDPIQ TNG

EAAnvIkAg MaBnuaTikAg ETaipeiag, aAAd Ta Keiyeva Twv €I0NYHOEWY TOU OEV £XOUV KO-
TaxwpnBei ota avrioToixa MPAKTIKA.
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H BPABEYZH TQN MAOGHTQN
NOY AIAKPIOHKAN ZTOYZ AIATQNIZMOYZ
THZ EAAHNIKHZ MAOGHMATIKHZ ETAIPEIAZ

payuatotroindnke otnv Kuplakr 16 Maptiou 2003 otn Z1é€yn Npaupa-
TWV Kal Texvwv n TeAET BpdBeuons Twv PabnTwy TToU diakpibnkav
oToug dlaywviopoug TG E.M.E. «@aAAg», «EUKAEIONG» Kal «ApXINAdNG».

H ekdnAwon diopyavwbnke ammoé 1o Mapdptnua N. Huabiag Tng E.M.E.
Tnv TeAeTA TiPNoAv PE TV TTAPOUCIA TOUG eKTTPOCWTTOI THG MnTpdTTOANG,
™G Nopapyiag, Twv Afpwy Bépolag, AtrootéAou MNMauiou, MAartéog, AoBpd,
¢ AoTuvopikng AleuBuvong N. HuaBiag, o A/vtig Tng AietBuvaong B/Buiag
Extraideuong, AlieuBuvTég oxoAciwy, eKTTPOOWTTOI CUVOIKAAIOTIKWY OpYa-
VWOEWV Kal JAdIKWV QopEéwy KaBwg Kal TTABog KOG HOou.

dwroypagia amd tnv Bpdfeucn Twv Siakpiféviwy Twv Siaywviouwyv 1ng E.M.E.

KevTpikdg odIANTAG OTNV €kdNAWON Tav 0 KABnyNnTAG Tou MavetmoTnyi-
ou lwavvivwv K. @e6dwpog MTTOANG pe BEpa «H 1oTopia Kal n @IAocogia
Twv MaBnuaTikwvy». Z10 TEAOG TNG eKONAWONG TIMABNKAV PE AVAPVNOTIKEG
TAQKETEG O KABNyNTAG K. 8. MTOANng, n K. EAévn MRTOI0U KOl 0 K. Xdpng
Bageiadng yia Tnv Tpoc@opd Toug oTo Mapdptnua. ZToug SIoKPIBEVTEG Ua-
BnTég 86ONnkav Bpafeia, TIUNTIKEG TTAAKETEG Kal BIBAIG, TTPOCPOPG TOU EKDO-
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TN K. Xdpn Bageiadn.
O1 yabnrég TTou diakpibnkav eival ol TTapaKaTw:
AA ONOMATENQNYMO TAZH IXOAEIO AIAFQNIZMOX
1 [ABavaaoiadng lyvariog B |20 AUk. Ndouoag OaAic & EukAgidng
2 |AoTtépng MeyaaBévng A |10 Auk. Naouoag OaArg
3 |lepakomouhog BaaiAeiog A |30 Auk. Bépolag OaArg
4 |\Navvakakng Mavayiwtng I [4o Auk. Bépoiag OaMig
5 |MkaolapéAng ABavdaaiog I [30 Auk. Bépoiag OaMig
6 |Kapahrg Maukog B |50 lupv. Bépoiag OaArg
7 |Katolapdka Auahia I {10 Tuuv. Naouoag OaAng & EukAeidng
8 |Katolavidou Apiava B |20 lupv. AkeCavdpeiag  |Oalig
9 |KoukoUAn Afuntpa I [1o Auk. Bépoiag Oalig
10 |Koutridng Ge6dwpog I [4o AUK. Bépoiag OaArg
11 [Koutaoupidng Xdapng I |30 AUk. Bépolag OaArg
12 |Kupavou pida A |10 Auk. Naouoag OaMig
13 [MidyAou ANéEavdpog A |AUK. Makpoyxwpiou OaMig
14 |Mmipmog Ayyehog B |20 AUk. Bépolag OaArg
15 |MUpou AvaaTaaia B [1oTupv. ANe€avodpeiag  |@alnig
16 (Mamapng Mewpylog I [4o Auk. Bépoiag Oalig
17 |NamaoTepyiou AéoTroiva B |30 lupv. Bépoiag OaMig
18 |MouAtaidng lwavvng I [10 Auk. Bépoiag OaArg
19 |MpoloaAng Oe0dda10g A |20 Auk. Naouoag OaAng & EukAeidng
20 |Ziuétrouhog Ayyerog B |20 lupv. Bépoiag OaMic & EukAgidng
21 |2yoviwTn AfunTpa I [4o AUk. Bépoiag OaMig
22 |TamAidou EAmida A |20 Auk. Naouoag OaArg
23 |Toutlidng Kupidkog A |10 Auk. Naouaoag OaArg
24 |Tohi6Trouhog AAEEavBpog I [1o Auk. Bépoiag OaMig
25 (TohiotroUAou EAévn A 1o Auk. Bépolag Oahrg
26 |ToaAkiThc ATdoTolog B [1oTupv. ANegavopeiag  [Oalig
27 Toavtidag QiNiTrmog I [30 Auk. Bépoiag OaArg
28 | XipToyAou AAECaVOPOG-ZWT A |30 Auk. Bépolag OaMig
29 |X6ptn ABnva I |20 uv. Bépolag OaAic & EukAgidng
30 |Xpiotdédouhog ABavaaiog I [50 Auk. Bépoiag OaArg

H Aloikouca EmmitpoTtr) Tou MNMapapTiuatog euxaploTei 60oug ouvEdPa-
Mav oTnv dlopydvwaon Tng ekdnAwong. Etmiong ouyxaipel Toug Bpafeubévteg
KAl TOUG UXETAI KOAR TTPOOBO KAl KABE ETTITUXIO OTIG OTTOUBEG TOUG.



16 Iep1061kn €k8oon 10v napapriparog E.M.E. N. HpaOiag

EIAHZEIZ, TAHPOOOPIEZ, NEA
AMO TIZ APASTHPIOTHTES TOY MAPAPTHMATOS

1" Zuvedpiaon
NG TOmIKAG
OpyavwrTikig ETITpoTTAg
TOoU 20° Tuvedpiou
Ma@nuartikig MNoaideiag

To ZaBparo 15 Mapriou 2003 aTo Al-
FEX MEAAOPON gTnv aiBouca PQ=ANH A’
mapoucia Tou K. Oeddwpou MTOAN, Ka-
Bnynt Tou MabnuatikoU TUAMATOS TOU
Mavemiotnuiou lwavvivwy, Tou Atav Kai
0 KUplog opIAnTAG oTnv TeAeTh BpdBeuong
Twv padntwy Tou diakpibnkav aToug dia-
ywvigpoUs ¢ EMnvikAg MaBnuatikig
Etaipeiag, ouvedpiaoe yia Tpwrn eopd n
opyavwrikf Emirpotry Tou 200 Zuvedpiou
Mabnuatiki¢ Maideiag. To Zuvédpio Ba
mpayparotoinBei oTic 7, 8 kar 9 Noepppi-
ou 2003 ot Bépoia.

O mpdedpog ToU TTAPAPTANATOS TNG
EMnvikng Mabnuatikic Etaipeiac g
Huabiag kal Tpoedpog TG OpYavWTIKAS
Emimpotig K. Kwotag Mamadomoulog
TTOPOUCiaoe TNV EICTYNON TTPOG TNV 0p-
yavwrikf Emmpotr) ¢ Huabiag mou a-
TroTeAgiTal aTmd TOUG:

Mpoedpog: Mamadémourog Kwvivog
Av1/dpog: Toavaaidong Aviwviog
Mpapparéag: MixanAidou Mewpyia
MéAn:

Mo TRV oikovopIKn Siaxeipion Kai
EMmoTTEiQ:

Zapagotrouhou XapoUAa (ZuvtoviaTrg)
Zevidng Zwkpamng

Tpavidng MixdAng

Nédng Mavvng

Kautoupidng lMNavvng

Mo v Fpappareia

(eyypagég, Bepaiwoseig, amodeigeig)
Zapdyhou AGkng (ZuvTovioThg)
KapakwoTta AvagTtacia

Midyhou ZTéAIOG

NikoTTouhog AxIAAEQS

Mrrikog Mix&Ang

Mo v opydvwaon tng urodoxAg
(0e§iwoeig, TepInyRoEIg)
Mmatoapd Mewpyia (XuvtovTioTAg)
MamaoTepyiou ZTEPYIOG
KapBouvag Z1épyiog

Mammag XproTtog

Zapapa Zwh

ToaBdapidng MNwpyog
Oeoyapommourog Kwatag

MNa Tnv opydvwon Twv guvedpiwv
(emommikG péoa, opydvwon Xwpwy,
€\eyxog poifg Tpoypapparog)
AmAakidng MNavvng (ZuvtovioTAg)
Tompomouhog Aviwvng

XovdpoAidng AnurTpeng

Zagapikag Mavvng

Mo Ta nAekTpovikd oAupéaa,
utroAoyIoTEG, internet
Mamaddmouhog MepikAAS (ZuvToviaThg)
Nikodnuémouhog Avopéag

KaAaitgidou Avva

21V elonynon Tébnkav diagopa Bé-
jara TTou €xouv aXEon We To TTPOYPAUUa
T0U Zuvedpiou, Tn GIACEEVial Twv GUVEDPWY,
TIG TIONITIOTIKEG EKONAWOEIG KAl TOV OIKOVO-
Hikd TTpoUTTOAOYIONO. ZT0 TENOG TNG COUve-
dpiaong kétmke BaciAdtita. To @Aoupi
képdloe 0 avTimpdedpog Tou Mapaptrua-
106 TG HuaBiag k. Avtvng Toavaaiong.
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EIAHZEIZ, TAHPOOOPIEZ, NEA
ATO TIZ APAZTHPIOTHTEZ TOY MAPAPTHMATOZ

To 200 Zuvédpio MaOnpaTikig Maideiag
vr60eon 6AwvV

0 NoéuBpio Tou 2003 n HuaBia Ba utrodexTei éva UEYGAO TIVEUUATIKO YEYOVOG. ZTN
Bépoia Ba diefayBei 1o 200 Zuvédpio Mabnuatikng Naudeiag. H Tiuf, ahAG kai n eu-
B0vn eival peyan.

H mpoeToiyaaia tou Zuvedpiou AdN Eekivnae. Zuykpothonke n Totikh Opyavwrikn Emi-
TPOTIA e KaTapepIoud TG epyaaiag katd Topeic. To idio auvéPn kai pe TNV Kevrpikr Opya-
vtk EmiTpot kai Tnv EmoTnuovikr EmiTpot.

H Nopapyia kai o Afuor Tn¢ HuaBiag €xouv evnuepwoei yia  dieaywyr| Tou Zuvedpi-
ou kai Ba gupBaAlouv e TIG duvapelg Toug, waTe To 200 ZUvEDPIO va gival APTIO Kal TTETU-
XNUEVO.

21i¢ 7, 8 kar 9 NoepBpiou n Bépoia, aAd kai 6An n HuaBia Ba urodexBolv e Toug TTio
pETPIOUG uTroAoyiouoUg Tmavw amd 1.200 ouvédpoug, ‘EAANVEC OTNV GUVTPITITIKI TOUS
mAclopn@ia, ara kai vous. MabBnuarikoi amé &va MavemaTruia 8a BpeBolv atnv TOAN
uag, 6mou Ba TapouaIAoouV TIG EMATNUOVIKES TOUG epyaaies padi ue EAAnNves auvadé-
(OUG aTOUG.

MapaAAnAa, Aol autoi o1 GvBpwtrol Ba £xouv yia TPEIC kal TTAEOV JEPEG TNV EuKalpia
va yvwpiogouv v HuaBia: Toug apyaioAoyikoUg kai 1aTopikoUs Bnaaupoug, TIG TTEPIOXES
1910iTEPOU QUOIKOU KAAAOUG, aMAG, TO TTIO anuavTikd, Ba yvwpioouv T @IAogevia pag, Tnv
avBpwrivn {eaTacid uag, wate, gedyovtag amd v Huabia, va yivouv ol kaAltepor Tpe-
OBEUTEG TNG TTEPIOXNG MaG.

To 200 Zuvédplo dev agopd Wévo TN MabnuaTikh oIKOYEVEID, TOTTIKR Kal TTaveAAdIKN.
Agopa 6houg: TN Nopapyiakr Autodioiknon, Tnv Totmikr AuTodioiknan, ToUS TTapaywyIKoUg
QOpEIC, TOUG ETTIOTNHOVIKOUS QOPEIC, OAN TNV TOTTIKA KOIVWVid.

Metd Tn ©@caoalovikn, n Bépoia gival n mpwn mOAN g Makedoviag mou avaapBdvel
éva 1600 aTroudaio Zuvédplo. Eival Aormév pia mpdkAnan kai éva atoixnua. Mpétmer va 1o
KEPOITOUE, TTPETTEI VOl TIETUXOUE.

Matradérouhog Kwotag

lp6edpog¢ Tng A.E.

Tou mapapriuaro¢ N. Huabliag

NS EAAnvikn¢ Ma@nuarikn¢ Eraipeiag
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AMNOANQNIOZ O INEPrAIOZ
O MErAs FTEQMETPH: (265-170 n.X.)

lewpyia MmaTtoapa
MoaOnuaTikog, Bépoia

M € QQOPUN TNV ETMWVUMIa «ATTOAWVIOS» TOU VEOU TTEPIODIKOU TTOU
TTPOKEITAI VA KUKAOQopRoel atmd To TTapdptnua Tng EAAnvIKAG Mabn-

paTikAS Etaipeiag N. Huabiag, Bewpricape XproIho va eKTTOVIGOUE
MIa JIKPR €pyaoia, YE IOTOPIKEG AvaPOPES OTN Cwh Kal TO €pyo €vog atmo
TOUG MEYOAUTEPOUG HABNUATIKOUG TNG EAANVIKAG apxaidtnTag, Tou ATTOAAwW-
viou Tou [Mepyaia, TTPOG evNUEPWON TWV AVAYVWOTWY, OAAG Kal w¢ eAAXI-
oTn TTPoa@opd G’ £vav a1’ autoUug TTou UTTPEav ol BePeAIWTEG TNG HaBnuao-
TIKAG ETTIOTAUNG.

O AmoAAwviog o lMepyeug (265-170 .X.) o Tpi-
TOG MABNUATIKOG TNG €AANVIOTIKAG TTEPIODOU KAl
oTnV TTPAYUATIKOTNTO O TEAEUTAIOG YEWMETPNG
TOou apxaiou k6ouou, yevvhBnke otnv Mépyn TG
MapeuAiag ota voTia Tng Mikpdag Aciag. 'ECnotk,
kKatd mdoa mlavotnta, oto dldoTnua 265-170
m.X. A KAt adAAoug aT1o 262—-180 1.X. Ooeg TTAN-
po@opieg £xoupe yia TN CwnA Tou TIG avTAoUuE O-
O TOUG TTPOAAGYOUG TTOU €XEl TTPOTALEI GE UEPIKA
ato 1a BIBAIC TWV « KWVIKWVY.

EuTIVEUOUEVOG PEAETNTAG TNG MEWPETPIAG Kal
NG MaBnuartikig AcTtpovouiag, £€{noe, oTToudace
kal 0idage otnv AAe€avdpeia kal Tnv MEpyapo TNV €TTOXA TTOU N TIVEUUATIKA
€oTia Tou EAANVOQWvou Kéopou dev gival Tia n ABrva, aAAd n AAegavdpeia
NG anuePIVAS AlyUTITOU, N TTI0 GNUAVTIKA attd TIG OeKAEEl TTOAEIG e auTO TO
ovoua TTou idpuoe o Méyag AAéCavdpog. H emroxr auth ( 3% m.X. aiwvag)
YVwoThR w¢ eAANVIOTIKA TTEPiodOCg, xapaktnpeifetal amd pia 1Id1aitepn KaA-
NEpyeia Twv YPAPUATWY KAl TWV ETTIOTNUWY KAl MAAIOTO PE KPATIKA WEPI-
pva. AVTITTPOOWTTEUTIKA TNG VEAG AUTHG TTIVEUNATIKAG aTHOo@aIpag ival dUo
1I0pUupaTa TTou BepediwBnkav atnv AAe€dvdpeia atrd Toug MNToAepaioug Tov
A" kai B” To Mouaegio kai n BipAioBAkn. H BiBAioBrikn 10pUBnke amd Tov
MroAepaio Tov A” kai TrepieAdupave 400.000 trattupous. To Mouaceio (Nadg
Twv Mouowv) 10pubnke Trepi To 280 T.X. amd Tov MToAeuaio Tov B™ GT0
TIveUua Tou Aukeiou Tou ApPIOTOTEAN Kal QATTOTEAEI TO TTPWTO TTAPASEIYUO
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OTNnV 10TOPI0 AVWTOTOU EKTTAIBEUTIKOU KOl £PEUVNTIKOU 1I0PUUATOG TTOU A€l-
ToUpYNoe We dnuodaia 1 BAoIAIKR dATTavn aKATATTAUaTA WS Tov 5° p.X. aIw-
va.

O AtmoAAwviIog, av Kal UTTAPEE KOpUuPaiog PEAETNTAG Kal BAOKAAOG Tou
Mougceiou (didage oto Moucoegio oTnv aiBouca 5, yI' autd Kal Tov ATTOKAAOU-
oav «ATTOAWVIOG 0 5%») kai TnG BIBAIOBAKNG, TNV €TOXN TTOU TN dINnUBUVE
0 EpatooBévng, xapaktnpifetal wg UTTEPOTITNG Kal PoTaiddoog. Madi pe

Tov EUKA€idOn kalr Tov ApXIuAdn
AautrpUvouv Tov 3° T.X. alwva, o
OTTOi0G WTTOPEl va XapaKTnpIioBei
KAl WG 0 «XPUOOG aAIVOG» TWV
eMNvikwv pabnuatikwy. Eypawe
TTOAG €pya, eAdyIOTa ATmd TA O-
TToia 0€BAOTNKE O XPOVOG.

‘Epya Tou 8100WOnkav

Kowvika (8 BipAia)

TTepi Adyou amoToung (2 PipAia)
Kataokeut dUo pécwv avardywv
2Uykpion 12¢8pou kou 20£8pou

"Epya oL X&Onkav

TTepi aTaxTwY aAdywy
QkuTdKIO

TTepi koxAiou 1) eAikwv
H kafdéAou mpaypaTteia
TTepi Tou TTUpiou

Oswpia ap1Buwv

TTepi AoyioTikwV
AvaAudpevog TOTTOG
Kataokeuég wpoAroyiwv
OTrTikn

Awwpiopévn Topn

TTepi TNG KaTaAoKEUTNG USPAUAIKOU appoviou
AcTpPoVvopIKO CUYYPOUUA QY VWO TOU TITAOU

Kopugaio €£pyo Tou
gival Ta KwvIKa 1 «lMepi

TTepi xwpiou atroTOuNg (2 P1pAi) KWVOU Topai». Ta Kwvi-
TTepi eTapwv (2 P1pAic) K& ATav Xwpliopéva o€
TTepi veUoewv (2 1pAic) oxTw PBIBAia (kepdahaia)
Emimedor ToTOL (2 B1PAic) até Ta oTroia awdovTal

Ta €T, TéOOEPA OTO
TIPWTOTUTTO EAANVIKO KEi-
MEVo Kal Tpia o€ apafi-
KA META@POOT. ZTA ETTITA
mpwTta BIBAia uTTadpyxouv
387 OBewpnuara, 21 o-
piopoi kar 10 TTopioua-
T, €vW OTO 8°, OTTWCG
ouvayetal a1rd papTupia
Tou [ldtrmTou, uTTHPXAV
GMa 100. Eidikd 10 5°
BIBAio Twv «KWVIKWVY
padi pe 1o 5° Twv «ZTO0I-
XEiwv» Tou EUKAeidn kai

10 «[llepi EAikwv» TOU

ApxIuNdN BewpolvTal WG Ta KOpUPAia apIoTOUpYNUATA TNG EAANVIKAG Yew-
METpiag. 210 €pyo Tou «KwvIKA» 0 ATTOAAWVIOG PETAOXNUATIOE PICIKA TN
Bewpia TWV KWVIKWVY TOPWY, Ol aTTapx£EG TG HEAETNG TWV OTToIWV avAayovTal
otov Mévaixuo, evw OTnv TTEPAITéEPW €TTeCEpyacia Toug ecixav oUuBAaAel
TPog Ta TEAN Tou 4° T.X. aiwva ol ApioTaiog kal EukAgidng (ol otroiol €-
ypayav Kal OXETIKA ouyypdauuaTta Tou de dilacwbnkav), kabwg kal o Apxi-

MNoNG.
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Opiop66 Tov Kdvou amd Tov ATToAA@VIO

E&v amd éva onpeio axfei eubeia TTpog TNV Trepipépeia KUKAOU, O oTroiog Sev
BpickeTan oTo 1810 eTiTedo pe To onueio kau TpoekTafel autt [N eubeia] kau
TTPOG Ta SUO pépT, KAl Evad To orpeio pével oTabepod, 1 eubsia apou TepioTpagei
TEPL TNV TTEPLPEPEIA TOU KUKAOU ATTOKATAOTABel TTAAL OTNV apXikf Tng Béon,
TNV EMPAVEIX TTOU YPAPETAL aTro TNV eubeia (1 ool aTroTeAEiTAL ATrd SUO €-
TPAVEIEG TTOU TUVSEOVTAl PETAEU TOUG KATA TNV KOpUPM, N K&be pia amwd Tig
oTroieg aufdveTan e’ &Telpov, OTAV N ypdpouoa eubeix TTpoekTeIveETaL €T &-
TEIPOV), TNV KAA®D KWVIKT eTP&veIR, Kopudn) Be [kaA®] To oTabepd onpelo, &-
Eova B¢ [kaAm] Tnv eubsia TTou BifpxeTan aTrd TO ONUEIO KAl TO KEVTPO TOU KU-
KAou. Koovo 8 KaAw To oXNua TToU TEPIEXETAL XTTO TOV KUKAO KAl TTV KWVIKM
EMPAVEIX TNV HETASU TNG KOPUPTNG KAl TNG TTEPLPEPEIAG TOU KUKAOU.

O1 KwvikEéG TOPES (KUKAOG, TTapaBoAn, €AAeIwn kal uttepBoAR) oxeTiCo-
VTV ApXIKA PE OPIoHEVA TTPORANUATA YEWHETPIKWY KATAOOKEUWY, OTTWG yid
Tapddeiyua 1o MNpoBAnua Tou diITAacIacou Tou KUBou A AfAio TTpoRANua.
AnAadn: «00BEVTOC £VO¢ KUBOU, va KATaokeuaoBel évag dAAog ue dimAdaio
OyKO».

AAyeBpikd, autd onuaivel 6Ti av a gival N TTAeupd Tou apyikou Kupou, va
KaTaokeuaoBei £va eubuypaupo TUAMA X, TTou Ba ival n TTAeupd Tou KUBou
HE 6yko 2a®, dnAadh x* = 2a® (ue To TTPOPBANUA QUTO Kal e Ta dUO GAAG
aduvarta TTpoBAAuATA TWV PaBnuaTIKWY Ba aoxoAnBouue oe GAAO GpbBpo
Mag). To AfAio TTPOBANUa aTTETEAECE AVTIKEIUEVO JEAETNG TOU ATTOAAWVIOU O
oTroiog HaAIoTa To éAuce e Tn BonBeia TG TOUAG £vOG KUKAOU Kal HIOG U-
TTEPPOAARG.

MNipw o1o 300 11.X. N uttePPOAN, N TTapaBoAn kal n EAAEIYn eixav yivel
QVTIKEIYEVO OUCTNMATIKAG MEAETNG, WG Ol TOPEG TTOU dnuioupyolvTal GTnVv
em@avela evdg KWwvou atro éva eTTitredo KABeTo o€ pia yevéTelpa Tou. Avda-
Aoya pe Tn B€on TOU KWVOU Kal TOU TEUVOVTOG £MITTESOU, N TOMN ATAV £vag
KUKAOG, pia EAAEIYn, Hia TTapaBoAr ) yia uttepBOAR.

ophn appreio

yovia PR

H kaivoTopia Tou ATToOAWVIOU UTTAPEE aKPIBWS autd, 0 opIoUOg dnAadn
TWV TPIWV KAPTTUAWY OIONETOU TPIWY OIAQOPETIKWYV TOPWY VOGS KWVOU, KO-
Bwg kal n eiIcaywyh Twv opwv «MapaBoAny», «EANewn» kai «YTTEPBOAN».
Ta ovouata autd gixav Aueon oxéon e TO VEO TPOTTO OPICHOU TWV KWVIKWYV
TOMWYV a1rd Tov ATTOAAWVIO, CUPPWVA UE TOV OTT0I0, 0€ KABE TOMN TOU KWw-
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vou a1ré TO TTITTEDO AVTIOTOIXEN éva 0TABEPS PAKOG (TTAPAPETPOG), TO OTTOIO
eCaptdral atmo 10 €i00g TOU KWVOoU Kal aTTd Tn B€on Tou eTITTEDOU.

M M M

I
_

EMewyn

y
X

\

O AmoAAwviog €d¢1Ee OTI yia KABE KAUTTUAN Ta 800 YPAUPOOKIAoUEVA
eMBadd oe kabéva amd Ta TTaApaTTdvw oxnuarta gival ioa yetagu toug. To
éva atr’ autd gival To TETPAYWVO Pe TTAEUpd Tnv KABETN y, atmd onueio NG
KQuTTUANG TTPOG Tov GEova CUMMETPIAG TNG, TO AAAO eival éva opBoywvio ue
Mia TTAeupd TNV améoTOON X TOU iXVOUG QUTAG TNG KABETNG aTTd TNV KOpUYn
NG KAUTTUANG. H oxéan Tng GAANG TTAeupdc Tou opBoywviou TTPOG TN GTO-
Bepn TTOPAPETPO TNG TOUNG €ival auTh TTou KaBopilel Tn Hop®r Kal TO dvoud
NG KAPTIUANG. Av n GAAN TTAcupd 1couTal (mapaBdaAAerar) TTpog TNV TTapd-
METPO, TOTE N KAWTIUAN €ival TTapafoAr. Av n GAAN TTAcupd cival HIKpOTEPN
(eAAeimTer) atmd TNV TTAPAPETPO, N KAPTTUAN €ival EAAEIYN, Evw av gival Peya-
AOTepn (urrepBdAAer), N KauTTUAN €ival uttePPOAR. ZTov ATTOAAWVIO £EGAAOU
OUVAVTAUE, yIa TTPWTN QOoPd, pNTA dIATUTTWHEVN TNV aTTAITNON OTI Ol YEWWE-
TPIKEG KATOOKEUEG TTPETTEI VA EKTEAOUVTAI PE YOVA Opyava Tov Kavova Kal
ToV dIaBATN.

210 KaBapd padnuaTikd OAEG aUTEG Ol IDIOPUEIG OKEWEIG OEV €XOUV ava-
YyKN TTPOKTIKWY €TTaAnBevoewv. O id1og 0 ATTOAAWVIOG OTOUG TTPOAGYOUG
Tou 4° ka1 5% BIBAiou emonuaivel 6T N aia Tou £épyou Tou BPICKETAI OTA
BewpAuaTa AUTG KABAUTA Kal Ta KivnTea TTou SivouV yIa VEEG EPEUVEG.

2NMEPA, YETE aTTO £PEUVEG QIWVWY, EiVal YVWOTEG O TTOANEG KAl TTOIKIAEG
EPAPHOYEG TWV KWVIKWY TOPWY 0€ dId@opoug KAGdoug TnG eTMIOTAKNG, TNG
TEXVNG KAl TNG TEXVOAOYIQG.

2TNV aOTPOVOMIa O TTPWTOG VOPOoG Tou KéTTAep (1609), avagépel OTI «Ol
TPOXIEC TWV TTAAVNTWYV gival EAAEIYPEIG, OTN pia e0Tia Twv OTToiwv BpIioKeTAl O
AANIOGY. 2TN Cwypa@ikrl n €AAEIYn XPNOIPOTTOIRONKE atrd {WwypAPoug TNG
Avayévvnong vyia Tnv TTPOOTITIKI avatmrapdoTaon Tou KUKAou. ZTnv ApxI-
TEKTOVIKA] ONPAVTIKOTOTEG UTTAPEAV O EQAPUOYEG TWV KWVIKWY TOPWY OTOV
QPXITEKTOVIKO OXEDIOONO PEYAAWV £pywV, OTTWG YEQPUPEG, BOAOI EKKANCIWY
KATT.

‘Evag GAAOG Topéag OTov OTroio Xpnoigotrointnke n Gctwpia Twv Kw-
VIKWV Topwv eivalr n BaAAIGTIKR Kal GUYKEKPIPEVA TO TTPORANUO Tou KaBo-
pPIOHOU TNG TpoxIAs Twv BAnudaTtwy. O MaAIAQiog XPNCILOTTOIVTAG 1I010TNTES
TTou eixav amodeixBei atrd Tov ATTOAAWVIO oTa «Kwvikédy, atmédeige Bewpn-

y
X X

~—

Tapaforn

TOPAUETPOG
TOPAUETPOG
TOPALETPOG

N vepPoin
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TIK& TO 1937, OTI N TPOXIA £vOg BARUATOGC gival TTAPABOAN.

H avakAaoTIKA 1810TNTA TWV KWVIKWY TOUWY, YVWOTH £TTioNG atmo Tnv
apxaidtnTa, £xel oAPEPa eUpUTATN £QAPUOYN OTNV KATAOKEUN €I0IKWY TTa-
PABOAIKWY Kal UTTEPPOAIKWYV KATOTITPWY KAl AVOKAGOTIKWY TNAEOKOTTIWY,
oTnVv 10TpIKNA (0TOEG HE €10IKA AKOUOTIKH, AIBoBpuwia K.ATT.), KOBWG Kal 0Tn
vVauoITTAcia.

‘Eva GANO YEWWETPIKO TTPOBANUA TO OTTOIO £€eTAlETAN G éva ATTO TA £pya
Tou ATToAAWvVIou, «ETTa@ég» Kal 0To oTToio Bewpolpe 611 agilel va avagpep-
Boupe cival To ywwoTd wg AmoAAwvio mpoLBAnua: «AoBEVTWY TPILWV ChEi-
WV N TPIWV €UBEIWV 1] TPIWV KUKAWY, VO KATOOKEUOOBEI £vag KUKAOG TTou va
EQATITETAI KAI OTA TPIA».

H 1TpwTn TrepitrTwon cival e0koAn. O KUKAOG TTou TTEpvAEl attd Tpia on-
MEia €xel TO KEVTPO TOU OTO CNEIO TTOU CUVTPEXOUV O HECOKABETOI TOU TPI-
YWVOU TToU £X€l KOPUYEG Ta onueia autd. Av Ta Tpia onueia gival ouveu-
Be1aka TTPOPAVWG deV UTTAPXEI AUon.

21N OeUTEPN TTEPITITWON TTOU KaI AUTH €ival EUKOAN diEpeuvoue Ta €ENG:

1. Av ol gubgieg TEuvovTal avd dUo (XWwpPig va cuvTpéXouv) oxnuaTiouv
TPiywvo, oTtdTe 0 {NTOUNEVOG KUKAOG €ival O EyYEYPAUUEVOG OTO TPI-
YWVO auTo.

2. Av ol 800 eubBcieg cival TTapdAAnAEg Kai n TPITN TIG TEUVEL, O {nTOUE-
VOG KUKAOG €XEI TO KEVTPO TOU PECO OTNV TAIVIA TwV TTAPAAARAWYV Kal
gival To onueio TOPNG Twv BIXOTOUWY TWV OXNMUATICOPEVWY YWVIWV
(duo Nuoceig).

3. Av ol TpeIg gubeieg ouvTpéxouv N av gival TTapdAAnAeg, TOTE TO TTPO-
BAnpa dev £xel Auon.

H mAéov OUOKOAN TTEPITITWON TTOU gival n TPITN, UTTOPEI va AVTIMETWTTI-
OTEl ME AVOAUTIKA YEWMETPIA. Av gival (X4, Y1), (X2, Y2) KaI (X3, Y3) TO KEVTPQ
TWV TPIWV KUKAWV Kal Ry, Ry, R3 01 akTiveg Toug Kai (X, y), R To KévTpo Kal n
aKTiva Tou ¢nToupevou KUKAoU, n ouvBrkn n otroia TTpoUTToBETel OT1 0 n-
TOUMEVOG KUKAOG €QATITETAI 0TOUG D0OBEVTEG KUKAOUG, BpioKeTal TTAPATNPW-
vTag OTI, N ammOOTOON QVAUETO OTA KEVTPA TwV OU0 EQPATITOMEVWY KUKAWV
eival ion pe To GBpoicua r TNV dlaPopa TWV AKTIVWY Toug, avaloya av £@a-
TITOVTAI EEWTEPIKA 1 EOWTEPIKA.

(x=x1)>+(y—y1)?= (R Ry)?
Apa £XOUUE TIC EEICWOEIG: (x—X2)’ + (y—y2)2=(R%Ry)?
(x = x3)* + (y — y3)? = (R Rg)?

OméTe TTPOKUTITOUV OKTW CUCTHPATA, 6001 dnAadn €ival Kal oI cuvdua-
opoi Twv (+) Kal (=) oTIG TTapaTTdvw £EICWOEIS KOl KATA OUVETTEIO €ival Ou-
vaTO va €XOUME TO TTOAU PEXPI OKTW AUCEIG, avaAoya pe Tn digpelivnon Twv
OUCTNUATWY Kal TO KAT& TTOOOV Ol TTPOKUTITOUCEG AUCEIC £XOUV QUOIKN U-
TooTaon. Av TI.X. Ol KUKAOI gival odokevTpol To TTPORBANPa dev €xel Alon.
Evoia@épov TTapouoiadel n TePITTTWOonN KATTOIO | KATTOIEG ATTO TIG OKTIVEG
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R1, Rz, R3 va gival pnodév. I'I(:wi)g TO TTPOPANUA ETTIOEXETAI KAl YEWUETPIKI
AUon ue kavéva kai diapnTn.

AmoAA®VIOG Kol AOTPOVOHI

2T0 onueio autd Ba BEAape va emmionudvouue TN oUUBOAR Tou ATTOAAWVIOU
oTn MaBnuatik AGTpovouia: autog gival TTou €Ioyaye To TTAAVNTIKO JOVTE-
Ao Tou EmikUkAou — ®épovrog KukAou, yia Tn yabnuartiki mepypagn tng
QaIvOUEVNG Kivnong Twv TTAavNTWY, TTOU avTikaTéoTnoe 1o Euddeio povTé-
Ao Twv OpokevTpwy Z@aipwy, (MEAETABNKE aTTO
TOV ITTTTOPXO TOV ETTOUEVO QIWVA), KAl KUPIAPXNOE
(A oTnV I0TOPIO TNG ACTpovouiag wg Tnv EmoTtnuo-
vikfj ETravdoTtaon (uéoa 16 wg 1o TéAog Tou 17°Y
aiwva). To povtého etmiong Tou 'EKKeEVTpouU KU-
KAou, €10fx0n kal autd atrd Tov ATTOAAWVIO O O-
TToiog PAAIoTa aATTESEIEE TNV I00OUVAUIG TOU HE TO
MovTéAo ETmikUkAou — ®épovtog KUkAou. ZUuppw-
VA JE TO MOVTEAO aUTO O TTAQVATNG KIVEITAI OUOAG
oTnNV TTEPIPEPEID VOGS KUKAOU, TO KEVTPO TOU O-
TToioU, OUWG, OE CUUTTITITEI JE TN YN.

To véo povtéNo Tou ETTikUKAOU — PépovTog KUkAou oeBoTav TIG BACIKEG
uTToB£0¢€1G TNG EAANVIKAG aoTpovopiag, dnAadr) Tn YEWKEVTPIKN uTTéBeon Kal
TNV UTTOBeon TNG OMAANG KUKAIKAG Kivnong Kail €ixe TO onUavTikKG TTAEOVE-
KTNUA OTI JTTOPOUCE VA TTEPIYPAWEI YEWMETPIKA PE TTOAU peyAAn oikovouia
éva peydAo apiBuod Qaivopévwy TTou OXETICovTal JE TNV Kivnon Twv TTAavn-
TWV KATA PAKOG Tou CwdlaKkoU KUKAOU.

2TNv amAouoTePn HOP®I TOU, O YEWMETPIKOG WNXAVIOUOG OTOV OTT0io
BaoiCetar n véa TmAavnTikl Bewpia  TrepIAapBavel éva  PIKPO  KUKAO
(e1TiKUKAO), O OTTOIOG TTEPIOTPEPETAI OUAAG YUpw aTTO €va onueio Tou Bpi-
OKETAI ETTAVW OTNV TTEPIPEPEIA EVOG OEUTEPOU TTEPIOTPEPOUEVOU KUKAOU
(pépovra kukAou). O TTAavATng I gival TOTTOBETNPEVOG ETTAVW OTOV ETTIKU-
KAO €VW) TO KEVTPO TOU PEPOVTOG KUKAOU CUMTTITITEI E TO KEVTPO TNG yNG. To
povTéAo Tou ETmikUkAou — ®Pépoviog KUKAOU PTTOPEI va TTEPIYPAWE! IKAVO-
TTOINTIKA TN @aivépevn Kivnon KA TTAavATN KaTd PrKog Tou {wdiakou KU-
KAou. ETTiiTAéov €ival TTOAU 1710 0IKOVOUIKO aTTd TO EUdOEEIO MOVTEAD Kal €XEI
TO TTAEOVEKTNMPA OTI €ENYE TN PETABOAN TNG QAIVOPEVNG AQUTIPOTNTAG TWV
TTAQVNTWYV PE TN METAPBOAR TNG aTTOCTACK G TOUG ATTo TN yN.

‘EKTTANEN BERAiWG TTPOKAAET TO yeEYOVOGS OTI eV 0 ATTOAAWVIOG UTTAPEE O
AvOPWITOG TWV KWVIKWYV Kal dIKaiwg Tou atreveunon o agiolnAeuTtog TiTAOG
Tou Méya MewpéTpn, ev TOUTOIG ATTEQUYE VO XPNOIPOTTOINCEI TIG KWVIKEG TO-

O $nu. £.E: Mo T yewpeTpIky AUON Tou TIapaTTavw TIPORAAUATOC KABWS Kal GAAWY OXETI-
KWv ptropeite va oeite oto BiBAio Tou ApioT. NMAAa MEFAAH FTEQMETPIA, Téuog A, TeUX0G
B’, oeA. 77 (Exdoon 1963).
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MEG YIO TNV TTEPIYPAPNA TWV TTAAVNTIKWY KIVACEWV, ETTIHEVOVTAG OTN XPAON
TWV KUKAWV KO TWV OPOAWY KUKAIKWYV KIVIOEWV.

AuTo BERaia de peivel KABOAOU TIG epyacieg Kal HEAETEG TOU OTN PaBN-
MOATIKA TTEQIYPAPN TNG QAIVOUEVNG Kivong TWV TTAAVATWY, AQOU UETAYEVE-
OTEPOI PEAETNTEG aOTPOVOUOI OTRPIXTNKAY OTO BIKG Tou £pyo. Agisl va ava-
@époupe Tov KAaudio ToAguaio, 0 oTT0i0og OTN CUyypa®r) Tou £pyou Tou
«Mab6nuariki Zovradic», ota péoa Tou 2°Y .X. alwva, ToU apIoTOUPYHHATOG
auToU TNG apxaiag aoTpovopiag, oTnpPixBnke oTIG PEAETEG TOU ATTOAAWVIOU
kal Tou Tmrmapxou. H MaBnuartikf 2uvtagig émaiée otnv 10Topia TNG padn-
MOTIKAG aoTpovouiag Tov idlo poAo TTou émmaifav Ta oToixeia Tou EukAeion
oTnV I0TOPIa TNG YEWMETPIAG.

ATTOAADVIOG KOl HETPRON TOL XPOVOL

Eival yvwoTté 611 éva peyadho TpoBANPa Twy apxai-
wv EAMqvwyv fTav n opbn péTpnon tou xpovou. lNa
TNV €TTiAUCN Tou TTPORARAPATOC auToU avaTTuxenkav
Kal €¢eAixBnkav dU0 KaTNyopieg Opyavwy — pnxavi-
OMwV: Ta YOpauAikd PoAdyia TTou gixav KoIvo TTpo-
yovO TOug TNV KAEWUdpa, Kabwg kal Ta HAlakd, TTou
TTPOYOVO TOUG €ixav TOV YVWHOVA KAl Ta OKIOBNPIKA
6pyava. Tov yvwpuova TTpwrokatackelaoe o Avagi-
MavOpOog, EVW TOU TTPWTOU NAIOKOU poAoyIoU €@QEU-
PETNG KAl KATAOKEUOOTAG ATAV 0 ATTOAAWVIOG.

TNV €KTTOVNON TOU TATTEIVOU QUTOU ONUEIWHATOG XPNOIMOTIOINOAUE TIG
KAT& KaipoUG OTTOKTNOEIOEG YVWOEIG JOG aTTO ETTIOTNUOVIKA OUYYPAUUaTa
Kal TTePIOdIKA, aTTd TA IOTOPIKA CNUEIWHATA TWV PaBNUATIKWV Tou AUKEiou,
ammd oUyXpova HadnuaTtikd AoyotexvruaTta kabwg kalr amd avalitnon o€
EYKUKAOTTaIdEIEG Kal OTO BIadUKTIO. ANWOTE CUUPWVA PE TOV OUYXPOVO
ITaAd @iIAdoogo Uberto Eco 1a BipAia ypagovTal TTdvw ce aAAa BiBAia, xw-
pig BERaIa va GIANOBOEOUNE TA YPAPOUEVA OGS VA OUYKPIBOUV OTO €AAXIOTO
ME TO YPOAPOUEVA TWV CUYYPOQEWY TTOU PAG TTPOCEPEPAV TTOAUTIUN BorBeia
KOl TOUG EUXAPICTOUIE.

EvOeIKTIKG avapEépoupe:

e MaBnuatikd EmoTtnuoviknig BiBAIoBrAkng LIFE
¢ EykukAotraideia MNatrupog Aapoug
¢ |oTOpia Twv £MMOTNUWY Kal TG TexvoAoyiag I Aukeiou
e MoaoBnuartikéd O¢eTikrg KateuBbuvong B” Aukeiou
e Denis Guedj, To Bswpnua rou lNamaydAou
» AlguBivoeig oTo AladikTuo:
www.samos.aegean.gr, www.telemath.gr, www.danaos.cslab.ntua.gr
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O1 AIATYNQZEIZ TON MAGHMATIKQON NMPOBAHMATQN
2TA BIBAIA THX AEYTEPOBAOMIAZ EKMAIAEYZHZ

PiCog lNwpyos
Mabnuarikog, Képkupa

H aia Tng mapovciaong Mabnuatikwv MpoBAnuaTwy oTtn didaokaAia

21a mAdiola TG diapkoUg avadATnong yia Tn BeATiwon, Kal TTpOCapUoYN
™G didaokaAiag Twv MabnuaTtikwy oTn deutepofabuia ekTTaidcuan, Gnuao-
VTIKN €TTiOpaon €ixe N avaBaduion Tou poAou Twv TTPORANUATWY, KUPIWG HE
TNV évtagn Toug (apxIKA Kal WG UTTOXPEWTIKOU 40U BEUATOC) OTIC £CETATEIG
Tou Evidiou Aukeiou, aAAG kal pe TNV TTpooBRKn TTPOBANKATWY OTIG VEES
ekdoaeig Tou OEAB, tmou emmé@epe Kal €va KUPa vEwv TTPOCBEeTWY BonénTi-
KWV BIBAiwv, oTa otroia Traiouv Tia KUpIApXo pOAo Ta TTPpoRARHaTA.

YTrdpyouv dIXaoUEVEG ATTOWEIS YIA TOV aKpIPr) opIouo ThG évvolag "pabnua-
TIKGO TTPOBANUA”. ZuvABwg cuvavtartal wg Aoknaorn, oTnv oTroia €ival TTpo-
OOpPUOCHEVO éva OEVAPIO, TTOU UTTOPEI va avTavakAd piav TTPayUATIKE Ka-
TdoTaon 1 Kai oxl.

H aéia tng TTapouciaong kai emmegepyaciag mpoBAnudTwy otnv TAgN Kai,
MEOW auTAG, n avadein Tou poAou Twv Mabnuatikwy, €IdIKE OTIG HIKPOTE-
PEG TAEEIG, Oev au@iofnTeiTal, TTIOTEUW, aTTO KavEVAVY.

AekaeTtieg Tpiv 0 Morris Kline dnAwvel amepippaocTa: "Ta pyabnuarik@ oev
givalr éva amouovwuéVO aUTAPKES OWUaA YVWoewV. YTTApxouv, Kard KUpIo
Aodyo, yia va BonBouv tov dvBpwrro va karaAaBaiver kai va daudler 1o Quaoi-
KO KOOHO Kai, w¢ évav opiouévo Babud, Tov OIKOVOUIKO Kal TOV KOIVWVIKO
koopo. Av o¢v giyav tnv aéia autn, éev Ba ta gixav BdAer kaBoAou oTo TPO-
ypauua tou oxoAgiou. Tnv aéia Touc auth Ba EmpeETTe va avaravakAd Kai n
d16aokéuevn UAN",' Kai TrapakdTw: "Av QrTopovwoouuE Ta uabnuarikd, ea
yivouv amrwénrikd kai avouola. Eival ocGummwg va dI0GCKoUUE Ta Habnuarikd
o€ éva dwudrio e KaBPEPTEC OTOUS ToiXOUC avri yia Tapabupia Tou avoi-
yovrai atov é€w KOOUO". ZuveXiCel: "To QUOIKO KivnTpo gival n UEAETH TwvV
TPAYLATIKWY, QUOIKWY KAatd kUpio Adyo, mpofAnudarwy. lNNpakTikd 6Aor ol
KAGdoI Twv uabnuatikwy dnuioupynénkav yia va dwoouv arravinon o€ Té-
Toia mmpoBARuara... Mmopei va qaiverar mapdéevo mou n UEyaAn onuacia
Twv pabnuarikwyv keirar €€w armmd ta pabnuartik@, aAAd €iuaoTe UTTOXPEWUE-
VoI va TTAPOoULIE UTTOWN LA TO Yeyovog auto... Ta pabnuarikd amroreAouv 1o
uéao yia TV emiteuén evé¢ okorou..."

' Morris Kline, "Mari dev pTTOpEl va kdavel TTpdoBean o lMavvng”, ekd. BANIAZ,
O¢o/vikn 1993, 0.116.
2 OTw¢ TTapaTdvw, 0.214.
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H mapakivinon Tov evéia@éPovTog TWV HAONTOV

Aev apkei, vouiw, va aTTavVTAPE OTO ETTINOVO KAAOTTIOTO 1} X1 EpWTNMA TWV
paBnTwv: "Ti Ba pag xpnoiuéwouv autd ta pabnuarika; Mari ta 616ackdua-
oTE;" JE apopIouoUg Tou TUTToU: "Oa b¢ite mapakdTw, oTav UEYAAWOETE, &i-
vail Baoeis yia petémeira évvoieg”, ouTe va eravaiauBdvoupe 1o OO0 Peyd-
An 1oT0pIK atia éxouv Ta paBnuatikd, dnAwvovtag Tnv aAnBeia: "H
"véwvnon" tng ewpetpia¢ o@eietar otnv avaykaidotnta va amavrnouv u-
TTAPKTA TTPOBARLATA KUPIWS UTTOAOYIOUOU UNKoug, uBadou, oykou, oploBé-
TNONS EMIPAVEIWY (TT.X. META TIC TTANUUUPES Tou Neidou) .

MtropouUpe va TpaprEoupE TO EVBIAPEPOV TWV PABNTWY O HOBNUATIKEG Ev-
VOIEG TTPOCTTABWVTAG VA TIG TTPOCOMOIWOOUNE G€ TTPORAAUATA TTOU HOIG-
Couv va gival TTpayuatik@ kal moavwg suxdplota. ‘Eva didypaupa yeTdpo-
ong a1rd éva TTpayuaTikd TPORANPa o€ abnuatikd gival To ENG:

YMNAPKTH KATAZTAZH = MAGHMATIKO MONTEAO

U

AMOTYTIQZH XYMIMEPAZMATQON & MAGHMATIKH ENEZEPTASIA

2E NPArMATIKH KATAZTAZH

« Eival BéBaia dUoKoAO pia "TTpaydaTIKA" KATAOTACN VA HETATPATTEI O€
TTPOBANUA HABNUATIKWY, TTOU VO IKAVOTTOIET TIG avAyKeg SIBAOKAAIAg, Ya Kal
Ta 6p1a duVATOTATWY TwV PaBnTwv. OPwg, o€ TTOAEG BACIKES EVVOIEG UTTO-
pouue Pe atTAd TTapadeiyuata va KEVTPIOOUUE TO EVOIAQEPOV TWV HaABNTWV.
AuTo avapépel kai o G. Polya® otn didaokaAia Tng diaywviou opBoy. Ta-
paAAnAemiTTédou, BAlovtag Toug PaBnTEG va PETPAOOUV TO HPAKOG, UWOG
TAATOG TNG TAENG, TIG DIAYWVIEG TTATWHATOG, TOiIXOU Kal TEAOG pIa KOPOEAQ
dlaywvia oTo TTapaAAnAeTTiTredo.

To idl0 ptmopoUue va kavoupue BEBaia kal otn didackaAia Tou MNub. Bewpr)-
paTog. Eival yevikd KaAr 16€a n TTEIpauATIKA €TTOANBEUO PE PETPAOEIG OE
MAKN Kal ETIQAVEIEG TUTTWV Kal VOPwWY TNG MewpeTpiag Tng TpIywvoUETpIag K.a.
Mrtropoupe va ¢ntriocoupe atrd Toug pabntég (B MNuuvaaciou) va oxedidoouv
ME Tn Pondeia evog oTrdyyou OePEvou O€ €vav TTACOAO KAl PE IO KIJWAIQ
évav KUKAIKG dioko 1 Kal €vav KUKAIKO BIAdpopo Pe pop@r] SaKTUAioU oTnv
auAn kal va douAéyoupe Tn d1IdaoKaAia Tou PKoug KUKAouU, Tou eufadou K.a.

)\

2TN TPIYWVOUETPIa, OTnv TTapdypa@o Trou  d1da-
OKOUUE TNV €QATITOMEVN, WTTOPOUME va CNTACOUUE
até Ta TaIdIG va avakaAUyouv Jia uéBodo waoTe va
KOWouv éva apTtévl Ot TETOIA KOMPATIO, WOTE va

PTIGEOUV KopVila. D

Mpétrel N ywvia @ va eival akpiBwg 45°, WoTe Ta KOPPATIO va TaIpIAlouv a-

% G. Polya, "Mwc¢ va 10 Aow", €kd. EMHAIQTH, ©. 27
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KpIBwg. Or1 TexviTEG (EUAOUPYOI, KOPVICOTTOIOI K.A.) £XOUV EIBIKA £pyaAEia Kal
oxedidfouv akpIBwg TIG euBeieg KOTNG. MNwg Ba utTopéoouv ue Evav atmmid
TPOTTO VA oNUAdEWOouV TIG DIOKEKONEVEG YPAPUEG Al kal ZA,

A Z

B r A E

« Avri va d18agoupe Eepd TOV TUTTO TOU PAKOUG Tou KUKAou oTn B” MNupvo-
oiou, ava@épovtag icwg Kal TNV 1I0TopIKN dladikaoia ouykpiong SlaPETpou—
TTEPIMETPOU TOU ApXIMNAON, Ba utropolcape va EEKIVACOUE KATTWG £TOI:
Mapatnpouue 10 XIAlogouvTloupwpévo BIBAIO evdg padnTh, deixvouue ék-
TTANKTOI YIa TIG OXEDIAOTIKES IKAVOTNTEG TOU KOI AVAKOIVWVOUNE OTI €iNaoTeE
utTeUBuUVOI dnUoCiwv Oxéoewv evOog dNUOPIAOUG aVAWUKTIKOU Kal {NTAME
évav TaAavTOUXO YPOQIioTa yia va oxedldoel, EvavTl JIag aOTPOVOUIKAG a-
MoIBAG, To véo TTepITUNIYPa TG Téde-cola, TTou £xel BEBaia KUAIVOPIKG oxhi-
Ma. Mpétel TpwTa va Bpouv ol pabntég T oxAUa Ba £xel n TIKETA. Av Ou-
OKOAEUOVTAI, TOUG PWTAHE aV £XOUV CEKOANTEI TTOTE ETIKETA ATTO TTAYWHEVO
MTTOUKAAI. EUKOAa Bpiokouv OTI gival opBoywvio. KavovTag JePIKES UETPNA-
O€IG JE KUAIVOPOUG DIAQOPETIKWY HEYEBWV PTIGXVOUNE Ta TTAIKa Tou ApXI-
MRdN, Kal Toug 0dnyoupe oTov TUTTO.

To idlo utropoupe va kavouue BERaia kal ot diIdacKaAia Tou KuAivdépou
K.O.K.

21NV €l0aywyr] 0Toug pnToug apiBuoug, dev PBAETTW TTIO €UKOAO TPOTTO va
TTOPOUCIACEl KAVEIG TOUG apvnTIKOUG apiBuoug Kal TIG TTPAEEIS ToUG, TTapd
ME TN BonBeia evog BepUOUETPOU.

ATTAéG aOKAOEIG UTTOAOYIOUOU TTAPACTACEWY PTTOPOUV va VTUBoUV e €va
OevapIo, XWPIG va TO TTapakdvoupe, Je T popen Traiyvidiol. M.x. o€ pia
TaEN MNupvaaoiou, KAEIBWVOUNE PE Eva AOUKETO E OUVOUAONO 3 Yn@iwv TT.X.
éva KouTi ookoAaTtdkia Kal ¢nTéue atmd Toug PabnTég va uttoAoyioouy (iowg
O€ OMADEG) TPEIG OXETIKA OUOKOAEG TTapacTACEIS (UE pideg A ME DduvApEIS A
OUCTAMOTA K.Q.), TWV OTToiwV o1 AUCE€IG gival oI apiBuoi Tou cuvdiaouou.
Aixwg TNV TTapakivnon tou "émaBAou” 1o 1o TBavé gival va pnv Toug Ki-
vougoe TO evBIA@EPOV I va TOUuG ammwBouae n uttoxpEéwan va AUCOUV auTéQ
TIG DUOKOAEG AOKNOEIG.

H 18éa Aoimmév givar kaAr. Opwg, av n Kartaokeur Twv TPoBAnudaTwy dev
Yivel e HEPAKI, TTPOCOXN KAl TIPAYHATIKO evOla@Eépov, AANG wg utToXpéwaon,
a@OoU n "uoda" kal To VEo TTAQICIO TWV £EETACEWY TO ATTAITE], TOTE TO ATTOTE-
Aeopa gival akpIBwg To avTiBeTo.

TexvnNT& KATAOKEVAOHEVA EEWTTPAYHATIKA "TpofBAfpaTa”

O Morris Kline avagéper: "[...] H amoudvwaon amé Tov mpayuariko KOGUo
viverar upavic amd 1a eriaxtd mpolAnuara mou ouvavrouue aTa EyxEIpQi-
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Sia™ kal avagépel .x. "O BaoiAng éxer dimAdoia nAikia amé v Mapia. Av

givar akpiBwg déka xpovia ueyaAurepog am’ 6co nrav mépiou n Mapia, m6-
owv xpovwyv egivar o BaoiAng kar méowv i Mapia" kai kataAnyel: "To ria-
XTO Twv mpoBAnudTwy eivai mpogavés. H kevoAoyia kai 1o dxpnortd rous Ba
TPETTEI va TTPOKAAOUV diavonTikn Qpikn o€ KaBe exéppova pyabnrn...".

Agv £xw dlamoTwoel KATToIaV avTidpacon oTrd pabnTr) o€ TTAUTTOAEG TETOIEG
"TTopadooIokES" aokAoelg péoa oe Tagn. PoBdaual 611 N amadeia, Ye TNV o-
TToia avTiyeTwTTifovtal Tétola "TTPoRAAPaTa”, gival Tmo €Tmkivouvn atmmod Tn
"diavonTikn @pikn" Tou M. Kline. O1 padntég, udAlov BapieoTnuéva, yvwpi-
Couv OTI ovopdloupe X TNV Hia ato TIG {NToUUEVES NAIKIEG, EKQPAJOUE TIG
AAAeg pe TN BonBeia Tng PeTaBANTAG, ypdgoupe Tnv e€icwaon, Tn AUvoupue
Kal TEAEIWOOUE.

» Exei TTOU TTpOKOAOUV YEAIQ TO GEVApIa Twy TTPORANPATWY gival Ta "véa”,
TTOU TWPA EPQAVIOTNKAY 0av PJaviTdplia, yia va KaAUWouv TIG avAyKeG Tou
VEOU TTPOYPANUATOG DIOACKAAIQG. BAETTOUME TT.X. OTTAEG YEWMETPIKEG AOKN-
O€IG va PeTaTpéTToVTal O€ ONBeV TTPORARuaTa.

MAUTTOAEG TTEPITITWOEIS KANPOVOUIWY £XOUV UETOTPATTEI OE€ AOKNOEIS PEP-
VOVTAaG O0€ ammoyvworn cupBoAaioypd@oug, dIKNyOpoug Kal Kupiwg ATuXoug
KAnpovououg, Tou Bpiokovtal YTTpooTd oe SIaBAKEG-TEPATOUPYAUATA TOU
HOKapiTn, TTOU TOUG YVWOTOTIOIEI OTI TO XWPA@AKI TTOU TOUG KANPodoTnoE
gival TpatTédio Pe UWog TOOQ PETPA, TTEPIMETPO TOOA Kal Tn pia Bdon Tou OI-
TAdoIa TNG GAANG Kal TTAEl AéyovTag... Kal Toug ¢nTd va Bpouv 1o euBadov
TOU. X&BnKe £va TOTTOYPAQIKO. ..

Ma kail KEiVEG oI TTEPITITWOEIG TTPOPAVWG DIECTPAUHPEVWV YOVIWV, TTOU XWpi-
Couv Ta 0IKOTTEDO TWV KANPOVOUWY Toug o€ 100dUvaua Tpiywva! Ti va Ta
KAvouv Ta kanuéva Ta TTaidid Ta Tpiywva oikoTTeda;

Ki 6uw¢ utrdpxouv oevdpla TTou Taipidlouv

ammoAuTa O¢ TETOIOU TUTTOU AOKNOE€IG. Av B€- L
Aoupe euBadd Tpiywvou, PTTOPOUME TI.X. va
KOWOUNE atrd €va KOPPATI UQAoHa TPIYWVEG
onuaieg, i va utroAoyiocoupue 10 €URAdOV R
TNV TTEPIQPPAEN HIag TPIYWVIKNAG vnoidag o€ N

Mia dlaoTaupwaon, TTOU €ival UTTAPKTO XWEO-

BeTNUEVO TPIYWVIKO KOPATI YNG. l\

Zevapia mou 6ev Talpi&louvv oTa dedopéva AOKAOEWVY

H Biacuvn yia Tnv Kataokeun "TTPoBANUATWY" yia TOV EUTTAOUTIOUO OXOAI-
KWV Kal gpovTioTnpliakwy BIBAiwv odnyei oe dUo PBaoikég AaBeuéveg KaTeu-
Buvoelg. E¢wtrpayuatikd cevdpia atmmd Tov UTTOKOOWOo PAAAov TTapd atrd Tov

* Morris Kline, "Mari Sev pTTOpEl va kdavel TTpdoBeon o lMavvng”, ekd. BANIAZ,
O¢o/vikn 1993, 0. 114.
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KOOMO TNG QavTaoiag, KaBwg Kal AaBeuéveg TTPOCAPHOYEG OEVAPIWY OE Ha-
OnuaTIKG povTéAa.®

2TNV TTPWTN TTEPITITWON, TT.X.

» Evacg epyoAdBog emibuuci va xrioer éva oTriti o1o §p00 Tou ouvdéel dUO
epyoordoia E; kai E, ta omoia Bpiokovrar o€ amooracn 12 Km kai ekiré-
utrouv kamvo ue mmapoxéc P kai 8P avrioroixa K.Am. [MoU va 1o xrioel 10
oTTiTl yia va éxel T Alyérepn pumavon;®

ATravrnon: ekei akpIiBwg OTTou €xel IBIOKTNTO OIKOOOUACIUO 0IKOTTESO! TI
onpaivel Kavw PEAETN yia Tn pUTTAvVOTN Kal TO XTiCw OTTou BEAW; Oa yéuile o
TOTTOG auBaipeTa, av o Kabévag £xTICe OTToU €ixe TNV €AAXIOTN pUTTAvVON, TOV
eAAX10TO B6pUBO K.ATT.

e 2TV delTEPN TTEPITITWON TTEPIAAPPBAvVOVTAl TTIPORANAKATA, TO OTTOI0 AVO-
@épovTal o€ didgopa PeyEDn, TTou ekppalovTal péow ouvapTtiocwy. Opwg,
TA OIKOVOUIKG PEYEDN, o1 BIadIKAGIEG TTAPAYWYNS €ival TOOO TTOAUTTAOKEG Kal
AAANAOECAPTWHEVEG, WOTE VA EiVal EVTEAWG EEWTTPAYHATIKEG KOl £€O6QOaAua
WEUTIKEG O CUVAPTHOEIG TToU BBev TTAPIOTAVOUV TO KOOTOG TTAPAYWYAG, TO
KEPOOG A TOV APIBPO TTAPAYOUEVWY TTPOIOVTWYV K.ATT.

e H améoraon x evog moTOVIOU ATTO TO £€va AKPO TOU TTEQIYPAQETAI UE TH
ouvdaprnon x(t) = Zln,u3t, omou t 0 xpovo¢ o deuTepOAeTTTaA. ZNnTeital 10
mAdro¢ ¢ Kivnong, ypaiki mapdoraon yia 0 <t < 21 KA.’

) Om 20 . , ) .
210 dIdoTNUO 55 ?H n ouvaptnon TIaipvel apvnTiKES TIMESG, Gpa Oev

pTTOpEl va TrapioTével pAkog. ETmeAéyn AdBog ouvdptnon yia auThAv Tnv Ki-
vnon. Emiong, mAdrog kivnong Aépe tn péyiotn amoudkpuvon atméd tn 8éon
Icopporiag. Oa ATav 1o Aoyikd Aoimrév va dlaTuttwvovTav n Adoknon Me
onpeio 100ppoTTiag To Yéoo Tou ToTovIoU Kal To X(t) va TTapioTave ocuvdp-
Tnon 6éong.

e H vavAwon uiac kpouadliépac armraitei guuueToxn touAayiorov 100 aro-
Hwv. Av dnAwoouv akpifws 100 droua, To avritiyo givar 100.000 opx. lNa
KGBe emmimmAéov droua 1o avritiuo ueiwverar kard 500 dpy. 1o drouo. Néoca
Groua va dnAwaoouv yia va éxouue péyiora éooda;®

KAaoik6 B€éua eUpeong Kal Tou TUTTOU Kal Twv akpoTétwy ouvdptnong. H
OUVAPTNON TTOU TIPOKUTITE! ival n: E(x) = =500x2 + 150.000x

Eival TToAU KaAA N doknon, aAAG atuxwg Oev diveTal MEYIOTN TIWNA YIA TO X.

® BAéTre Kai apBpo "Ta MabnuaTikd pac diaokedalouv”, MAOHMATIKH MAIAEIA, T.
5, 0.177.

® MaBnpaTikd ["Aukeiou Oet. kateu®., OEAB 1999, 6. 271, aok. 14.

" AhyeBpa B’ Aukeiou (Cevikng Maideiag), OEAB, 1999 oeA. 19.

8 MaénpaTikd " Aukeiou Oet. kateu®., OEAB 1999, . 270, aok. 10.
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ATTO ekei Eekivd 1o TTPOBANUa. H ocuvdptnon yia mavw até 300 drtoua
TTAipVEl apvNTIKES TIPEG, TTPAYUA TTOU onuaivel 6Tl ol TagIdIWTES TTANPWVO-
VTQl YIA TN CUPPETOXA Toug. AuoTuxXWG TNAEPwVa, dieubuvoelg dev divovTal.

Ta mapadeiypara autd vouiw Ot ival eEQIPETEIG TNV YEVIKA TTPOCEYUEVN
UAN Twv BIBAiwv O¢Tikrg KateuBuvong.

MNpofAfpara ota BiAia Tng (Tpdnv) Texvoloyikng KarebOuvong

AvtiBeTa, To Katapynuévo BiBAio TexvoAoyikrg KareuBuvong I Aukeiou nj-
Tav YEUATO aTTO OTTPOOEKTEG SIATUTTWOEIG KOl avopBadoga TTpoBARuara.

* To 0AIKG KOOTOC TTAPAYWYHS X HOVAdWY TTPOIOVTOS diveral arrd Tov TUTTo:!
f(x) = x* = 7,5x% + 125x + 50 ot x1AiGdec dpayuéc.’

Mapatnpouue 61 n 1n povdada kooTilel: f(1) = 118,5 xIA. OpX., EVW

n 10n kooTicel f(10) — f(9) = 253,5 xIA. dpx.,

n 20n kooTiCel f(20) — f(19) = 973,5 xIA. dpX.,

n 50n kooTicel f(50) — f(49) = 6 exart. 734 XIA. dpX. K.0.K.,

dpa 600 TTEPICOOTEPEG POVADEG TTPOIOVTOG TTapdyovTal, TO00 aufavel To
KOOTOG HovAdag, TTou gival TTapAdoEo va ouuBaivel.

2UMTTEPACA: N ouvdpTnon aUuTh dev UTTOPEI va TTAPIOTAVEI KOOTOG TTapPA-
Ywyngs povadwy. Oa émpetre n diagopd f(v) — f(v—1) va diatnpeital Trepi-
TTou oTaBepr). H ekpwvnon xpeldletal AAAO aevaplo.

e To mANBo¢ Twv €6aPTNUATWY TTOU CUVAPUOAOYEI £vag TEXVITNG OE X WPES
Siverar arré Tov tUTTO: f(X) = =2X%° + 27x%% + 60x..."°

‘ET01, 61av Trepdoel 1n wpa £xel cuvapuoloynoel: f(1) = 85,
oe 2 wpes f(2) = 212, o 3 wpeg f(3) = 369 kal 0 pubudg Tou au&dveral. Te-
Aglwvel To okTdwpo adIGKoTING £pyaciag Kal £xel ouvapuoAoynoel f(8) = 1184.

Av BouAéel GANeG BUO Wpeg uTTEpwppies Ba @TIGEEI cuvoAika f(10) = 1300.

Ekei 6pwg N ouvapTnon TTapoudiddel PEYIOTO, OTTOTE EeKIvouv Ta TTapddota.
Av a@rjooupe Tov TeXVITN va guvexioel va BOUAEUEl, 0 apIBUOG Twv £EapTnua-
Twv Ba apxioel va peiwvetall 2116 11 Wpeg ouvapUoAoyei CUVOANIKG:

f(11) = 1265, oTig 14 wpeg f(14) = 644, evw oTIG 16 Wpeg ... f(16) = =320.

KAgIopévog PED’ TO EpyOOTACIO £TTABE TTPOPAVWIG OPOK KAl KATAOTPEPE! KAl TO
OTOK TNG a1ToBNKNG. Mnv TTouue T Ba cuuPei av eEakoAoubAoel va pével €-
YKAEIOTOG.

Mpogavwg To oevapio dev TaIpIAdel Pe Tn ouvaptnon. Ag 608¢i, éoTw, KaBopl-
opévo T1edio opiopou, atod 0 éwg 8 1) 10 wpeg.

® MaénuaTiké " Aukeiou Texv. Kateud., OEAB 1999, . 133 epapy. 2.
9Omwg¢ Tapamavw, 6. 135, aok. 5
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210 oXNMa PAéTToupe (aTTd TTPOYPAUUA YPa-
@NUATWY) TN ouvapPTNON:

f(x) = —2x° + 27x + 60x, v
TToU TTapouaiadel péyioto 1o f(10) = 1300 kai
pNndeviCeTal oTO onueio X = 16,
KaBWwg Kal TNV TTAPABOAr TTOU TTAPIOTAVEI TNV
TTapdywyo g f:

f'(x) = —2x2 + 54x + 60, . 1
TToU €xel PéyioTo oTo X = 4,5 kal gndevieTal
oto x = 10.

1500

levikOTEPQ, Ta gegvdpla OTTWG TO TTAPATTA- 2 ‘ X 18
vw €xouv vonua OTav n Tmapdywyog Tng

ouvapTtnong TTou diveTal gival BETIKN, WATE va £XOUNE aufouaa ouvapTtnan,
onAadn va £xoupe alénon Twv TTAPAYOPEVWY EAPTNUATWY KI 61 hEiwon.
Mapartnpouue €tTiong 611 yia X = 4,5 WPEG N TTPWTN TG TTAPAYWYOG TTAPOU-
O1dCel péyioTo Kal yivetal @Bivouca, otrdTe PTTopoUue va BewpAoouue Ot
(AOYW KoUpaong) MEIDVETAI O pUBUOG E TOV OTTOIO O TEXVITNG KOTAOKEUALEI
Ta eCaptiuata. MNpakTikd autd Ba ohuaive OTI TIG TEAEUTAIEG WPES epyaaiag
(5n —8n 1 10n), n TTapaywyn Ba PeiwveTal dIAPKWG PEXPI VO UNOEVIOTEI, OTTO-
T€ 01 DIEUBUVTEG TOU epyooTaciou Ba TTPETTEN va TTAPOUV TA JETPA TOUG.

Oute Aorrév Kail Pe TTPoKaBopIcuEVO TTEdIo opIopoU 8 1 10 wpwv "CTEKEN" N
daoknon.

e H merpeAaioknAida mou mmpokaAeitar aré 1 diappon mETpEAQiou oxnua-
TiCel KUKAIKO dioko. (Mapd&evo, aAa ag 1o dexTouue. EEGANoU €dw XINIGSEG
MUPMAYKIO KAVOUV KUKAOUG...).

H ouvéprnon mou diver v aktiva eivar f(t) = 10 + 2,5t."

Otav n ouvdptnon €xel wg PETABANTA To xpovo, TTPETTEl va diveTal (Katd Ka-
vova) t = 0 kal iowg PEXP! MIa PéEYIoTN TIPA o (KATTOTE Ba TEAEIWOEI TO TTETPE-
Aaio). Opwg ptropei dpaye 10 f(0) va givar 10 (Km r} m ) yihia 1] K&T1 GAAO);
Mpétrel Tpo@avwg 10 f(0) va givan 0. Agv ptTopei va uttapyel knAida Tn xpo-
VIKA) OTIYUA TTou EeKIva n Siappon.

e Mia eraipeia 6éAer ue 2.400.000 va epippdéel 600 usyaAuTepn EmQaveia
UTTOpEi arrd KAtToIa EKTaon o€ axnAia opBoywvio TapaAAnAdypauuo ue oTabe-
06 K6OTOC avd LéTpo."?

Ki av apyotepa Bpel Kal TTapatravw XprHdaTta, Tt Ba Kavel, Ba yKpepiae! Tnv TTa-
ANia Trepigppagn; Eivar rapadoo va Eekivaue Aéyovtag: «AlaBETw TOoa XprAua-
Ta. [Méon em@dveia atrd To KTAKA JOU PTTOPW VA TTEPIPPAEW;». Katd Ta dAAQ,
Oev UTTdpxEl HOBNUATIKO OQAAUA, €ival WG KATTWGS "aTaiplacTo" TO TTapd-
OeIya.

" Omwg Tapaavw, o. 147.
2 0mwc¢ Tapamavw, 6. 260 aok. 3.
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o Evag texvitng BéAer va @ridéer Tapdbupo e TepiueTpo 4 + 1 uérpa (a-
KPIBWS Gpaye, TTWS Ba KOWEI To EUAO;), WaTe va éxel To uéyioto euBaddv.’

Eival e€wtrpaypaTiké va Aépe: «OéAw va eriaéw éva mapdBupo ue 160n 1Te-
piueTpox. MpwTa dpaye Ba PTIGEEI TA KACWHUATA Kal JETA Ba XTIOEI TOV TOiXO
N MATTWG Ba apxioel va yKpeWilel Tov ETOIPO TOiXO, WOTE va TAIPIALEl TO TTa-
pdbupo;

e Eva tpamédio ue diaoraoeis Baoeswv 4, 2 kai 0yog J3 (6TTwg TTPOKU-
TITEl ATTO TNV €TTIAUCN TNG GOKNONG) KAAUTITETAI LIE TETPAYWVIKG TTAakakia 10
cm. Noéoa TAakdkia xpeiddovral,

H amravtnon otig AUoeig gival 611 xpeidfovtal 519 TTAAKAKIA, w¢ TTHAIKO Twv
eBadwv Tparrediou kal TeTpaywvou. Nai, ...av Kavoupe yneidwrTo, yiaTi Ta
TIAQKAKIO TTRETTEI VA KOTTOUV. ATTO TTEPIEPYEIA KA HOVO KAVOUUE TOUG TTAPQ-
KATW UTTOAOYIOHOUG:

Bpiokoupue TN ywvia w NG peyadAng Baong Tou Tpatrediou.

Eival epw = é =3, dpa civalr 60°. Téte Bpiokouue OTI, av OTNV TTPWTN

oelpd oTpwooupe 40 TTAaKAKIA, o€ KABe eTOuevn N Baon Ba civat:
0,1
2

3

KdvovTtag TTpoXeIpouUG UTTOAOYIOUOUG Kal 2
XPNOIMOTIOIWVTAG T KOUUATIO TWV OTIO-
OMEVWY TTAOKOKIWY TTOU TTEPICCEUOUV OTa
emopeva emimeda, PBpiokoupe OTI av n
oTpwon yivel atrd T heydAn Bdon Tpog
Ta TAVW (OTTWG @aiveTal Aoyiko), Ba Xpel-
aoTouv 1o AiyéTtepo 532 TTAaKAKIQ.
EmaAnBeuoTe 1O eUKOAa oxedIACOVTAG TO 0¢ WIAIPETPE 40%20 KAl HETPWVTAG
KGBE TETPAYWVO TOU MINUETPE WG TTAaKAEKI. '

m 011,5 cm pikpdTEPN.

o

60

1 2 1

e To mapakdrw oxnua maploTavel T0 TOO0OTO yvwaong p(t), mou éxel amo-
KTHOEI KATTOoI0C MabnTtric 1n xpovikn atiyun t diaBalovrac év BiBAio (mocooTd
yvwong 100% onuaiver 611 0 uabntnig éxer karavonoel mAnpwg 1o BiBAio). Tn
Xpovikn otiyun t; o pabnrng diékowe 1o didBacua yia va AUoel pia doknon
armro 1a mponyouueva. Tn xpovikn otiyun ty 0 6dokaAo¢ ényei avaAutika aTo
uabntn 1o mepiexduevo Tou BiBAiou kar o uabning apyilel va karavoei KaAU-
TEpa auto rou d1aBadel.

3 Omwg TTapatdvw, 0. 261, aok. 7 (Katd AdBog onueiveTal wg 6).

" Omwc¢ Tapamavw, o. 261, aok. 5.

® Mo TTEPICOOTEPQ OXETIKA BEPATA, UTTOPEITE Va avaTpéfeTe oTO APBpOo Tou A. Oo-
POAAIBN 0TV MAGHMATIKH MAIAEIA 1.5, o¢A. 177.
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"
!.t

i. Na Bpeite (av urdpyouv) 1a opia: tlmtv p(x), t//nt? p(x), tl/ntv p(x)

Kal va Ta GUYKPIVETE € TIC QVTIOTOIXES TILES.
ii. ol xPOVIKES OTIYUEC N oUVEPTNON P OEV gival CUVEXAC; '

AvapwTIOUAOTE, TTWG METPIETAI TO TTOOOOTO YVWOoNGS; MNwg TEKuNPIWVETAl OTI
TO TTO00O0TO yvWwaong divetal ammd ouvexr Katd dIA0TANATA WG TTPOG TO XPO-
vo ouvdpTtnaon. Mola Bewpia TNG TTaIdaywyikng 1 TNG dIOAKTIKAG UaG €TTIRE-
Baiwvel 0TI TO TTOCOOTO yvwong gival "oxedov avaAoyo" pe To Xpoévo diafa-
oMaToG €VOG BIRAiou;

EEaAAou, avagépeTal OTI TN XPOVIKN oTiyun tx dlakoTrTel To didBacua Kal Au-
vel Jia doknon atrd 1a TTponyouueva Kal Tn Xpovikh oTiyun ty évag ddoka-
Aog €€nyei avaAuTikG oTo HaBnTr To TTEPIEXOMEVO TOU BIBAiou.

Pwrtdpe: MNoiog pabntAg utropei va Auoel oAdkAnpn doknon o€ Jia Kai Jévo
XPoVvIKA oTiyun; Moiog gival autdg o KabnynTAg TTou PTTopEi va eEnyroel o-
VOAUTIKG oTO paBnTrA To TTepIEXOUEVO evOg BIBAiou o¢ pia oTiyuoUAa; KaT
TETOI0 B avETPETTE 0€ TTAYKOOMIO €TTiTTEd0 KABE utTdpxouca Bewpia TnG Oi-
OOKTIKAG...

davraoTeite Xpdvo TTou Ba kEPDICav oI yabnTég av Katavouoav O€ Pia OTIy-
M éva OAOKANPO BIBAIO... Av fBeAe AOITTOV N £KOWVNON VA €ival OTOIXEIW-
Owg aAnBogavng (aduvato BéBaia pe PAon Tnv TPWTN TTaparienon), 6a
TTPETTE VA AVTIKATAOTHOEI TIG OTIVUEG ME BIOOTHUATA.

Molog 0 Adyog, TEAIKA, va KOTAOKEUAOTEN £va TETOIO TTPORANUG PE EEwTTpay-
HOTIKG dedopéva, yia pia doknon Tou atmAd ¢ntd va douue OTo OXAPa av
Mia ouvapTtnon eival cuvexng i 6x1 o€ opIcUEVA ONUEia.

FewpeTpia ... KAT& TPOCEyyIion

210 BIBAio Tng Texvoloyikng katelBuvong B™ Aukeiou, TTou eTTiong Katap-
yNonke, oto Ke@aAaio Twv pooeyyIoTIKWY YTTOAOYIOUWY, Ol CUYYPOQEIG
TPOcOeoay, iowg yia TTOIKIAIA, EKTOG aTTO AUTEG AOKATCEIG UTTOAOYICHWYV Kal

16 MaBnuaTikd I"Aukeiou Texv. kateuB., OEAB 1999, o. 181, aok. A" op. 4.
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VEWUETPIKG TTPoBARuaTa.'” 'ETol BpeBAKape (SIBACKOVTES Kal DIBATKAUEVOI)
MTTPOOTA 0 YoRePEG BIATUTTWOEIS TOU TUTTOU:

Aiverar opBoywvio 1piywvo ue kaGBerec mAsupéc 3,7+0,05, 8,9+0,05 n 611 n
oiaoraon x eivar (akpiBwc) Ta 2/3 NS y, mou ouwc divovral va gival TEPITTou
TG00 1} OTI I000KEAES TPATTEQIO ExEl TTAQYIEC TTAEUPES (I0EC eV OUWC TTEPITTOU
1000)...

TiBetal BERaia TO epwTNA: Z€ £va opBoywvio Tpiywvo 10XUel To MNuBayopeio
Ocwpnua. Ze €va mepirou opBoywvio, Ba 10xUel To [Nepitrou MNMubayodpeio Oc-
wpnua; Kar troio gival autd (trepitrou); Mwg dnAwvoupe 6T dUO WAKN €ival
ioa, Kal Tautoxpova AéUE OTI gival TTEPITTOU TOOO... ZTO TTEQITTOU ICOOKEAES
ToaméCio, ol Baoeig Ba sival mapdAAnAec fy mepimou mapdAnieg;'™

Kartd tnv avalitnon o€ eyxeipidla MNMavermoTnuIakwy TUNPATWY MNoAuTexvei-
ou Kkal Puoikng, (6TTou TTEPICTOTEPO ATTO TOUG PaBnuaTikoug etregepydlo-
vTal TTEIPAPOTIKG dedopéva), To POvo TTou BpéBnke ATavV oI 1010TNTEG TWV
TpAagewy uttd TTpooéyyion. H TTpootrédBeia Twv ouvTakTwy Tou BIAiou va
"euTTAouTioOoUV" TNV UAN Kal hE YEWUETPIKA BéuaTa kaTéAnge o€ autd Ta o-
TTOTEAEOPATA, TTOU AVOoiyouv AOKOTTG TOUG aokoUg Tou AidAou Tng oulnn-
OngG yIa TO av PTTOPOUME VA EQAPUOCOUNE TOUG VOUOUG MEWwUETPIag og TTpo-
OEYYIOTIKA PeyEDn.

H ociwtnpni amécupaon 1wy BIAiwy dev kaBnouyxadel TIG avnouxieg Twv OI-
QAOKOVTWY OXETIKA PE TNV EAAPPEOTNTA PE TNV OTToia UTTEUBUVOI ETTECEPYA-
CovTal avaAuTIKG TTPOYPAP AT Kal TO TTEPIEXOMEVO TNG UANG.

MaOnpaTtika 2ov KdkAov T.E.E.

210 BIBAi0 MaBnuatikwy 20u KUkAou T.E.E. (TTOU €CETACETAI O€ ETTITTEQO TTA-
VEANVIWV €eTAOEWY), CUVAVTAUE "TTPOBAAUATA" OTTWGS Ta TTAPAKATW: '

e Evag epyalducsvoc mAnpwverar ue 1.000 dpyx. yia KGBe wpa epyaadiac
a6 10 8wpo (N EKPWVNON Kal JOVO TTAPATTEUTTEI O€ £pyaciakd Meoaiwva)
kar 1.500 épx. yia kGBe wpa utrepwpiag, (TTPOCEETE) yia KABs wpa X,

ue 8 < x < 24! H doknon ¢nra ta opia oro 5, 9 kai aro 8.

H ekgpwvnon Ocixvel va ava@EépeTal o€ ouvdapTnon OPICUEVN O OnUEia
(aképaieg wpeg), ommoTe dev opiCeTal o€ dAoTNUA, dpa dev UTTOPOUNE va
Bpoupe 6pia. Etriong dev éxel TTpo@avwG AOYIKO vOnua va TToUlE TI Xprua-
Ta Ba TTapel 0 pyalopevog OTav ol WPEG Epyaciag Teivouv va yivouv 518 1 9.
TéNog autd 1o TTEdiO OpIopoU [8, 24] T 16 'BeAav; lNMoiog epyalduevog dou-
Aevegl 24 wpeg T0 24WwpPo0;

v MaBnuaTikéd B Aukeiou Texv. kateub., OEAB 1998, o. 54, aok. B  ou. 1, 2 ka1 0. 71,
aokK. 3

'8 BAéTTE KOl OXETIKO GpBpo "Tepitrou MNewpeTpia”, MAOGHMATIKH MAIAEIA, 1. 5, 0. 162.
19 MaBnuaTtikd A" 1a¢n 2ou KukAou TEE, OEAB 1999, 0. 110.
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MapakdTtw divovTal atTAEG e@appoyEG Tou TTPORAANATOS PUBUOU PETABOAAG.

e (MmaAovi oaipikd yeuiletal ue aépa ue pubud tmou ekppdlerar o€
cm®min. Moiog ivar o puBués ueTaBoAr¢ Tou Gykou Tou utraAoviou, érav n
aKTiva Tou vivel ion ue 3 cm;)

Mwg 10 AUvouv; ATTAG uttoAoyiCouv To 6plo Tou Adyou PETABOAAG:

V(8+h)-V(3) _4m 41
( h) :Egs +h)’ —33%=Tg(3 +h) +3(3 +h) +3H

. o 4T 2 00— 3 .
Kal TO 6pIO: Llir?)? 53 +h)” +3(3 +h) +32E =361 cm> /min .

Ac¢ unv avaeepBolpe atny eyyevr] SUOKOAIa UTTOAOYIGHOU Tou AGyou HETO-

f(x +h) —f(x)

BoAAG ue TOV TUTTO yla padnTég TeEXV. ToMéQ, OUTE yia TO

"uayiké" TpoTTO ATTAOTTOINONG TNG dIAPOPAS KUBWV. AG OKEQTOUUE POVO:

Mou 1ye n ouvBeTn cuvapTtnon; Molog o puBuAG HETABOAAG TNG AKTIVOS WG
TTPOG TOoV XPOvo; Ti BaBuoAoyia 84 'TTaipve UTTOWAPIOG O MeVIKEG £CeTATEIG
av ékave T€T010 AdBog;?°

Aev atroteAei BeBaiwg dikaioAoyia 1o va TTel Kaveig 6T TTOAUTTAOKEG Bewpieg
OTTWG 0 PUBPOG PETAROANG KAl N TTAPAYWYICNH OUVBETWY CUVAPTACEWV OEV
TaIpIadel oTo TTPOYPAPKA OTTOUdWY Twv T.E.E. ZUPQWVOI, aANd TOTE TAIPIAETE
o oTAd Kal KatdAAnAa Trapadeiyuata oto BiBAio. ATTAG dev onuaivel va
I00TTEQWVOUE TIG AOKNOEIG Kal HAAIOTA e AGBOog TpATTO.

MapakdTw:

e To ko6oTo¢ K(x) o€ xiIA. Opx. TTapaywyns X Taviwy IGTIOPOpwWYV TNV Nuépa
diverar amré tov 1UTmo: K(x) = —x° + 30x + 15, 0 < x < 15. Znteitar o puBU6S
ueTaBoAr¢ Tou K6aTOUG, Qv N eTalpsia TTapdyel déka avid 1 uépa.?!

Kai T@AI, TO X @aiveTal va TTapioTavel uaoiko apiBud 0, 1, 2, ..., 15; MNMwg
T6Te Ba deXTOUPE OTI N GUVEPTNON gival ouveXAS o€ dlAoTNua;?

Ti vonua éxouv 1a 9,998 mavid 3 6T 10 6plo "o apIBUOS TTavIWY TEIVEl va
yivel 10"; Téhog mavTwy otnv ouaia: Ta 2 mavid KooTiouv 71 xIA. dpX. EVW
Ta 15 KooTiCouv 240. YTrdpxel TPOTTOC yia TNV €TAIPEia, OXI MOVO va Undevi-

2 Mg v cagr SIGTUTIWGN TEToIoU TUTTOU TTPORANNATWY SeC kai Tom M. Apostolol,
A1apopikos kai OAoKANPwWTIKOS Aoyioudg, ATAANTIZ, 1. 1, 0.158.

2 O1mwg mapamdvw, o. 182. Ta Béuata auTtd £X0OUV Yivel Kal QVTIKEIUEVO KPITIKNAG
aTov emapyiaké T0TT0. BAéTTe ApBpo A. ZouTra, epnu. ENHMEPQSH, Képkupa, 15-5-
2000.

2 MoAéc opéc TTapABAETTOUNE QUTH TN AeTrTopépEIa(;), BewpwvTag ouvapTroEIg,
ol oTToie¢ TTpoPavwg Traipvouv wg MN.0. diakpITéG YeTaBANTES, WS "TTANPWG dialpe-
TEG", WOTE VA €XEI vONUA N MEAETN TNG CUPTTEPIPOPAG TOUG O€ dIACTNUA Kal va gival
ouvatn n xpnon Twv epyaieiwv Tou Alagopikou Aoyiopou. Opwg, moTelw, givai
TTapado&o va d1ddEouue o€ pabnTég Tou T.E.E. 1O 6pIio yia X- 10, Tav X 10TIOTTAOI-
K& TTavid.
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O€l TO KOOTOG TTapaywyng, aAAG Kal va KepdICel KI aTTO TTAVW.

H tmmapaBoAn tépvel Toug dEoveg ota x 0-0,492 kai 30,492. Apa av @TIG-
xvoupe atrd 31 mavid kal Tédvw Ba £xoupe Kal KEPOOG, TTPIV AKOUA TTOUAR)-
ooupeg ouTte éval

To 611 TeXVNTA 01 oUyypaeic Bacouv TTedio opiopol £éwg 15 (Y€yioTo TTApPO-
BoAAG), dev uTtTopei va Treioel Kavévav yia To 0TI dev UTTopEi Wia TTapaBoAn
Va EKQPPACEl KOOTOG TTAPAYWYNAG ICTIOTTAOTKWV TTAVIWV.

MNepimrdoeig ampooeiag

2xoAhidoTtnkav 1Id1aitepa Ta ouyypduparta Tou OEAB, KaTd TTpwTOoV YIATI €ivai
UTTOXPEWTIKA N d1I0aCTKAAia TOUG Kal aTToTEAOUV DIOAKTEQ UAN, OTTOTE AUTO TO
TIAEOVEKTNHA TOUG SNUIOUPYET QVTIKEIMEVIKA KAl TV UTTOXPEWON va Badifouv
atro TNV TANEOTNTA TTPOG TNV TEAEIGTNTA, AAAG Kal yIATI OTTOTEAOUV KATA KO-
vova Kal Tov 0dnyo, TTou Traipvel uTrTdYnv Tou 0 KABE CUVTAKTNG TTAPAAAN-
Awv BondnTikwv BIBAiwv.

Eival TToAU €UkoAo va avakaAUTITEIG €va 1] Kal TTapatmavw Adln o’ éva Bi-
BAio kal va ava@wveig yia Toug AOXETOUG TTOU Ogv TTPOCEXOUV TI YpA@pouv
Kal B€Aouv Kkal va Ta TTouAdve. Eival 6pwg adiko. MoTtelw OTI N CUVTPITITIKA
TTASIOWNQia TWV CUYYPAPEWY, TTOU EEKIVA HE Eva AEUKO XapPTi Kal ATTOTUTTW-
VEl 0 QUTO PE PEPAKI KAl KEPI, EPTTEIPIA, YVWOEIG, IOEEG, TIPOCPEPEI KATI ON-
MaVTIKO, KOl a@IEPWVElI 0° autd XPOvo Kal KOTTo ducavdaAoyo pe 1o OTT0I0
TUXOV O6QeA0G. AixW¢ Kapuia dIdBeon HOUOAG, UEPIKES TTEPITITWOEIS TTAPO-
vONoNg KATTOIWY EVVOIWV 1] OUVTOKTIKEG ATTPOOEEiEG —O€ TTPOCEYUEVA Kal
KaAoypaupéva gpovTtioTnplakd BiBAio— gival o1 TTapakAaTw:

« Avagépetal T.X. 0TI n mBavornta o k. TAd¢ ..... OTTOUAOC va éxer etTI-
aTpoen @opou eivai 0,17, 1o va mAnpwaoel 1600 @opo eivair 0,22 K.AT. Autd
aTTOKAAUTITEl OTI OV €xEl yivel KaTavonTA n €vvola Tng TeavoTnTag.

To owoTd BEPRaia gival va TToUPE OTI TO 17% Twv POPOAOYOUNEVWV OEXETAI
(Baoel Tade oTaATIOTIKAG MEAETNG) ETTIOTPOPR POPOU, TO 22% TTANPWVEI TOOO
POPO K.0.K., OTTOTE av TTAPOUNE Evav Tuxaio popoAoyouuevo, n ToavoTnTa
va Tou emmoTpaei opog cival 0,17. Av OJwWG TTOUME OTI ETTIAEYOUNE TOV KU-
pI0 ...6TTouAO, TOTE Ba TTANPWOEl aKPIBWG OTI TTPORAETTEI TO EKABAPIOTIKO
Tou. O1 dnAwaoeig dev PTTaivouv ae AoTapia yia va Byei atnv TUXN TI 6a TTAN-
pwoel o0 kaBévag... Dpa Ba nrav va Balouue 1I6£€¢ T€ KATTOIOUS va 0pilouV Ti
@opo Ba mAnpwael o Kabévag atnv TUxn ue Baon 1 mbavornreg!

» ETiong avagépetal 611 n pia k6pn Tou mapamdvw Kupiou éxel mlavaoTn-
Ta va mavrpeutei v 1ade xpovia 0,27 kai n GAAn kadmroiav GAAn mbavornra.
Me 17010 JIKQiWNA aVAKATEUOUAOTE O€ TOOO €UaioBNTA TTPOCWTTIKA OEOOE-
Va TNG KOTTEAQG; Apaye Pe BAan TTola OTATIOTIKA OTOIXEia uTTOAOYiCoVTal QU-
T€G OI TBAVATNTEG KAl HANIOTA TTPOCWTTOTTOINUEVEG; MOVO XapTopiXTpes Ba
dlakivoUveuav TETOIEG TTPOPRAEWEIC. O1 TTpoPALwelg TTpéTTel va divovTal o-
TPOCWTIA OTA ATOPA £vOG CUVOAoU (BEYUATIKOU XWPEOU) Kal va BIKAIOAO-
youvTal e Baon oTaTioTIKG dedouEVa.



AMOAAQNIOE T. 1o 37

» TéAog og éva voookoueio n mlavotnTa évag yiatpoc va KAvel Evean o€
évav aobevn eivai 48%, va tou dwael xarmma 36%, kai Ta dUo TOOO TOIS EKATO
KA. EBW oTapaTtolv ol TTEPITITWOEIG TNG doknong. Av ouvexifaue Aiyo o-
KOua, Ba Aéyape: n mMOavATNTa va Tou KAVEl gyxeipnon otn oTmARva 1600,
OTO CUKWTI TOOO K.0.K. Kai 'yw 1Tou vouiga 411 ol ylaTpoi epapuoélouv aTov
K@Be aoBevn BepaTreia akpiBwg pe Bdon Tn didyvwaon, £Teca 1T’ Ta GUVE-
@a, pabaivovtag o1l gival Béua TOAVOTATWY va PTTW YIa Wid akTivoypagia
Kal va BpeBw OTnNV TOPN TWV CUVOAWV TWV A0BEVWV TTOU 'XOUV VA AVTIJE-
TWTTICOUV KaI éveon Kal Jia eyXeipnooUAd...

To o@dAua Bpioketal TTAAI oTnv ékppacn: "oe évav acBevh". ZTov KGO¢ O-
00evr e@apuoletal 6trola Bepatreia TTPORAETTETAI KI OXI KATA TUXN ME Bdon
TT0000TA. XpelaleTal AOITTOV TTPOCOX N OTn dIATUTTWON TWV EKQWVACEWV.

ZupBaiver kar aAAoD...

« Eival yvwoTté 10 TpOBANPa TG 0UVOEONG TWV V ONUEiIWY PETAEU TOUG, TO
OTTOI0 AVTIMETWTTICOUNE €ITE WG YIVOUEVO vV — 1 OUVOECEWY ETTI V ONUEIWY,
dlaipwvTag dia 2, €iTe KAl e TOUG TUTTOUG TNG ZUVOIAOTIKAG.

ZuvavTaue auto To TTPORANUA PE TN Hop®n epwTnUaTwY: "Av v droua kabo-
vial 0’ éva 1parrédl Ki OAoI TOOUYKpPIoOUV Ta TTOTHPIa TOUS UETaéU TOUS Uid
Qopd, méoa ToouyKpiouara Ba yivouv;" (avTioToIXa PE XEIPAYIEG).

AuTd 1O TTPOPRANUA UTTApXEl o€ emmionuo oxoAIké BiIBAio M. Bpertaviag, wg
gpappoyr Tou Alaypdupatog Tou Polya,®® pe Tnv €€Ac diatimrwon: S¢ éva
Krip/o UTTAp)OUV €KATO UTTOAOYIOTEC. OfAouue va ouvoéoouue Tov Kabéva
arr’ autoug JE Kdee évav GAAo e éva kaAwdlo kGBe popd. Néca kaAwdia
Ba xpeiaorouue**

Hint: Look at the gaps betwcen che values in the lines column to see if you can find a
pattern.

You may notice that the gaps between the values in the lines column are increasing

by 1 each ume.

From this you can predict that for 5 computers there
will be 10 lines. You can prove this by illustrating the
number of lines needed for 5 computers.

You now have a very crude way of finding the
number of lines needed for 100 computers. If you had
the time you could extend your list to 100. Bur there
must be a more efficient way.

When you add a computer to the system how many
extra lines are added?

If a sixth computer is added there will be 53 new hnes
(1 to each of the existing computers).

When the seventh is added there will be 6 new lines.

The number of new lines added each tme is 1 less
than the number of compurers.

% G. Polya, "Mw¢ va 1o AUow", €kd. SMHAIQTH, 0. 17
2* GCSE Mathematics, LETTS EDUCATIONAL, 1996°, Robert Powell.
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To TTapddelypa, TTou ouvodeUeTal YAAIOTO KOl ATTé OKiToa, €ival aiyoupa
aTux£g Kal oiyoupa Ba TTpokaAei Ta yéAIa akOpa Kal oTa PIKpd TTaidid, yiarTi
armmAouoTtaTta OAol yvwpifouv OTI OTavV @TIAXVEIG OIKTUO UTTOAOYIOTWV (KOl
MaAioTa 100!) cuvdéeTal KGBe TEPUATIKO PE Eva Kal HOVO KOAWDIO HE TOV
KEVTPIKO "eguttnpetnTr) (server)" Tou dikTUou. davtaaoTeite TI uéyebog Ba ei-
Xav Ta computers av ETpeTTe va £xouv TTiow Toug 100 KaAwdIa KAl va Cuv-

OéeTal To éva e TO AAAO g 100099 =4.950 kaAwdia!

MpofAfpaTa wg Bépara e€eTdoewV

Otav 10 TTPORANUG O€ €EETACEIC €ival TTPOPAVWG TEXVNTO, TTEPICTOTEPO
TpoBAAuaTa dnpioupyei OTOUG POBNTEG, yiati PoIAdel va TTEPIEXEI Kal dia
060on eipwviag. Ti eviOTTWoN va KAVEI GTOV UTTOWAPIO, JEG OTAV AywVia Twv
e€eTdoewy, N €IKOVA XINAOWV HUPPNYKIWY TTOU KAVOUV BOATEG 0€ KUKAOUG
HE YVWOTEC TIC TIAPAPETPIKES £€1I0WOEIS TOug;? Mol To €ide Kaveic autd va
oupBaiver; Ti e€uttnpeToloe OTnV oucia TG Aoknong, TI TTPOCEPEPE OTNV
TTPOCTTABEIa TV JaBNTWYV va Tnv AUCOUV;

Aixwg va mpoobéTel TiTToTe oTnV €TiAucon Tng doknong, icwg B4a ‘tav o
Aoyikopavég av To oevaplo €Aeye OTI auToi ol KUKAoI oxedlaloTav TT.X. JE Eva
TIPOYPANHA YPOAPIKWY TTAPACTATEWY VOGS UTTOAOYIOTH;

Ta BéuaTta Twv e€eTdoewV ag ival utTTodEiypaTa 0pBRG KPITIKASG OKEWNGS. Oa
gival éva onuavTtiké Brua yia va dlopbwbei n katdoTtaon, yiati Ta BEuarta
auTd atroTeAoUv KaTd Kavova TTPOTUTTO TWV CUYYPAPEWY GXOAIKWY Bonon-
MATWV.

TepaTouvpyfpaTa

Eival XapokTnpIoTIKO TWV JECOYEIOKWY avOpWTTWY 0 £vOoUCIaoudS Kal Ud-
ANioTa o€ Opia uTTePPBOANG. Ze KABE TI véo ol ‘EAANvEG TTE@TOUV PE Ta pouTpa
KAl N €QeUPNTIKOTNTA TNG QUAAG KATOTTANOCOEI TOUG TTAVTEG. AgV TO PHEPQOUQI
auTd, katd BAEBog TO TTPOTIMW O€ OXEON ME TNV WuxpoTnta BopeidTEpwY
Aawv. AANAG... TO TTAPAKAVOUE.

Mépa atmd TIG TTEPITITWOEIG ATTPOCELIAG Kal MIKPOAABWY, deKAdES eupdavTa-
oTa oevapla Boppapdiouv Toug padnTéG TTou PBAETTOUV Kal oToV UTTVO TOUG
OKOPO TTOTIOTPEG VA OTPIYOYUPVOUV TTOTICOVTAG MEIKTOYPAMMG Xwpia, o-
TEATTIONEVOUG aypdTeEG va TTadeUovTal PE BIABRATEG KAl Polipoyvwpdvia va
TTOTIOOUV TN PEYIOTN ETMIQPAVEIQ- VO TTETOUV PAIMOUDEG aTTO BEVTPO O€ DEVTPO
Kal va dIaypagpouV TPOXIEG, TTOU €ival EIKOVEG TTAPAUETPIKWY CUVAPTAOEWY,
TWV OTToiwv ¢nTeiTal N KauTmuASTNTA: oulouvia yebBuauéva va akoAouBouv
KATA TTOBAG TPIYWVOUETPIKEG ouvapTAoElg, (atrd —TT £wg T evvoeital). Kai
dAAa...

% O¢pa Mevikwv e€eTaoewy Oet. Kat. B” Aukeiou louvne 1999. BAéTre kai GpBpo |.
MavTd, EAEYOEPOTYTIA, 18 louhiou 1999.
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AloBAcTE TO TTAPOKATW?® TeAeuTaiO TTOPABEIVUA KAl AQACTE TNV QavTacia
0ag eAeUBepn...

‘Evag epnuepidomwAngs OI1aBETel unxaviouo LIE TOV OTTOIO PiXVEl TIC EQNEPI-
O&C OTIC TTOPTEC TWV OTITIWV TwV TTeAaTtwy Tou. O unxaviouos autog givai
TETOIOC WOTE av Ui epnuepida ektoéeurtei amré 1o onueio M(x, y) 101e TO onueio
M’(x’, y’), 6mmou Ba méael Ba sivai n eikéva Tou M puéow evog ypauuikou -

. . , 3 10
Taoxnuanouol Ta Tou éxel mivaka A = % ZH.

i) Acgiére 6m1 o T eival KavoviKOg.

ii) Z€ moio onuecio Ba méael n epnuepida, av Tnv eKToéEUOOUUE aTTd TO ON-
ueio B(-1, 2);

iii) ATTo 1010 OnEio va eKTOEEUTEI O £QNUELIOOTTWANG TNV £QnUEPIda, WATE
va méael o€ éva OTTiTI TToU 1) TTOPTA Tou &ival aTo anueio (1, 2) ;

iv) EQv 0 e@nuepidoTTwANS pixvel TiC EQnUEPIOES KIVOULIEVOS TNV ubtia:
x — 2y = 1, Bpeite TOU TTPETTEI va WAEOUV OI TTEAQTEC TOU TIC £QNIEPIOES
TOUG.

AlaBacovtag TNV ek@wvnon Xaveig kdBe dpegn va AUoeig doknon PETAOXN-
MOTIOPOU TIVAKWY (UAN TTou Trépace aav dIATTWV aoTépag). AvtiBeta o€
yopyaAouv AoxeTeg PE TNV oucdia epwTAoelg: O punxaviopog agopd pévo
EQPNUEPIOEG; MNa avTacoTeiTE va TTAPOUV TNV TTATEVTA TTITOAPIEG. ATTEIPEG I-
TITAPEVEG TTiITOEG Ba TTETOUV KAl Ba TTPOCYEIWVOVTAI OTNV £EWTTOPTA POG N
OTO PTTAAKOVI pag. KaAoU Kakou KOITATE WNAQ, KpATATE KAl KAUMia ouTTpéAQ
QVvOIXTH...

Ti eavdoTaon TiIg agpoueTapopég! Mwg duwg kKabopiletal To BEANVEKEG;

Méoo pakpid eraver; MNati pwtw; Ma av o epnuePIdOTTWANG pPigel TNV £Pn-
MEPiIda pou KivoUuevog oTny eubeia x — 2y = 1 (EUTuXwG Oev €XEl PPAXTEG
oTnVv Tropeia Tou), BEAW va EEpw TTOCO PakpIG Ba TTAw va TNV Bpw.

Mpog TTolav kaTeuBuvon va YAgw TTOPAKOAW;

EAmiw 10 onueiwua autd va ouuBdAer warte va Bpouue TNV Kareu-
Buvon mpo¢ TNV orroia MEETTeEl va WAlouue yia va BpoUuE Qaplo-
véc kai TpofAnuara mmou Ba disukoAuvouv Tnv karavonon twv Ma-
Onuarikwy, avti va duakoAsuouv Ki GAAo Tn didaokaldia Tous otnv

Taén.

% O¢ua yio TIPOETOINOGIA UABNTWY TTOU €Xel dNUOCIEUTEI OF ePnuePida, Mdioc
2000. Ta oToixeia oTn gUvTagn ToU TTEPIODIKOU.
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Mepi opoIdTNTAG KAl OXI HOVO

Kapakwota Taoo
MoaOnuaTikog, Bépoia

rl OAAG ApBpa ypagnkav Kal TTOAAEG aulnTAoEIG £yivav aTnv TnAedpacn
yla TIG ATTOTUXIEG TwV WaBNTWV Pag oToug dlaywvioudg Tou OO0ZA.
MoAAoi cuvnydpnoav UTTEP Twv JaBNTWY POG Kal YEVIKOTEPA UTTEP TOU
EKTTAIBEUTIKOU pag ocuoTAuatog Aéyovrtag OTlI dev ATav ouvnBicuévol ol pa-
OnTéC pag oe TETOoIoU €idoug epwTAuaTa. KI OMQZ! Edw kai xpovia SlaTTi-
OTWVOUE, TOUAAXIOTOV Ol paBnuaTtikoi TG M.E. 6Tl oI pabnTég pag dev -
POUV PaBNuUATIKA PE TNV £vvola TNG OUCIAOTIKAG yvwong. AKOUN Kail TToAAoi
atrdé auToug TToU £X0UV APIoTEG €TTIOOOEIG, CEPOUV TTOAU KAAD TEXVIKEG ETTi-
Auong aokAoewv aAAd 01 YVWOEIG TOUG €IVl KOPUATIAOWEVES KAl AOUVOETEG
peTagu Toug. ‘ETol &ev putmopolv va evidEouv auto TTou paBaivouv GTo yevi-
KOTEPO GUVOAO TTpayudaTwy. H TTpooéyyion Toug gival TUTTIKR Kal TTeEpPI-
oTaociakn. Aduvatouv va AUoouv TTPORAANATA KOl VA QVTIMETWTTIOOUV ATTAG
EPWTANATA YyIATI TOUG divoule €Toiun TPO@N, TO TTPOPRANUA padi pe Tn AUon
TOU, TTOU OXEDOV TTAVTA OeV €XEI KAUIA oUVOECH UE TNV ATTTH TTPAYHATIKOTN-
TA TWV EUTTEIPIWV TOUG.
H BewpnTikA amédeign Ba yivel eOKoAa atmodekTr Kal KatavonTr], 6Tav TTpw-
Ta amm’ 6Aa otnpixBei otnv eutreipia. To TPWTAPXIKG BAMA OAWV TwV
YVWOEWV gival n EPTTEIpian .
MapaBétw Twpa éva didAoyo TTou eixa e JabnTég TG B Aukeiou otnv apxn
NG XPOVIAG:

Kadnyntpia: Ti ovoudletal QATTONEVN HIAG O&eiag ywviag opBoy. Tpiywvou;
MaOnTtAg: To TTnAiko TNG atTévavTl KABETNG TTAEUPAC TTPOG TNV TTPOCKEIMEVN
KadnyAtpla: ZwoTd, dcite Twpa 10 axApa. Me 11 1Ico0Tal n e@B;

Al

Malntig A": ¢pB=—

I, nTneg ¢ AB
o e 2 AE
MaOnthg B': Eival dpwg kai @B :E

Kalnyntpia: ZwoTd. MNarti ioxoel auto ;
MaOnTAG:To Aéel 0 opiopdg kal HaAioTa
C .. . ... Al _AE
A e 5 OTTO £dW ATTOJEIKVUETAI OTI: — = — .
AB EB
Kadnyntpia: Maidid, n 106tnTa auth Twv ASywv PATTIWG TTPOUTTIAPXE Kal i-
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OwG auTtd va ATav n airia tng dnUIoupyiag Twv TPIYWVOUETPIKWY aPIBPWY;
MaénTtég: ...........

KaOnyntpia: Ti ival Ta Tpiywva ABIC kal AEB;

‘Evag govo atmrdvtnoe OTl gival dpola. 2NV €pWTNOr Pou YiaTi, TO dIKAIOAG-
ynoe Aéyovtag 611 AE // Al kai 611 auTd To oxfua divel TTadvta dpoia Tpiywva
(&ev NEepe yiaTi).

‘Evag dAAog paBntAg, akouyovTag TNV Aégn ouola avétpeée oto BIBAio Tou
KAl JOU EITTE TO YVWOTO OPICHO TNG I00TATAG TWV YWVIWYV Kal TNG avaAoyiag
TWV TTAEUPWV.

‘Ekava 101E TO akOAouB0o oxrua:

A péyebog £ ABI = 52°
péyebog £ AEA =52°

B F

2ulnTiBnke 61 To AAE ~ ABIT Adyw Tou KpITNPioU TNG 1I00TNTAG TWV YWVIWV
TOUG Kal {ATNOA TNV avoAoyia Twv TTAEUPWYV TOUG.

H mAgiovoTnTa amdvinos: —=—=—

KadnyAtpia: MNaidid, av Atav €101, TOTE TI oXéon Ba eixav o1 AE kai Bl;
—Ma Ba Atav TTapdAAnAeg, TTETAXTNKE £vag padnThig Kal axedov OAn n Tagn
Mou ¢ATnoE va diopbwow To oxAual

‘Hrav ammd TiIg TpWTEG CUVAVTACEIG TTOU €iXA PE TO CUYKEKPIMEVO TUAUA (Be-
wpNTIKAG KaTelBuvong) kal on BERaia eixa avtiIAn@Tei TIG HeYAGAES aduvapi-
€G TwV TTaIdILV TToU Oev ATAV TITTOTE AAAO TTAPA AQUVAMIEG TOU EKTTAIDEUTI-
KoU JOg OUCTAPATOG, TOU TPOTTOU PETAdOONG TNG YVWOoNG.

Opwg utrdpxel éva eAAXIOTO £TTITTESO YVWOEWV TTOU TTPETTEl VA OTTO-
KTNOei amrd 6ANn TNV 14N, £é0TW KAl 6X1 0TV Wpa Tou! MNoAAoi padnTég
Hou BapidvToucav va oKe@TOUV (EXOVTOG TTOPATHOElI TNV TTPOCTTIdBEIa va
kataAdBouv) kai GAAol RBeAav va €EnyHow To CWOTO «TEXVIKA» Yia va Bu-
MNOoUV ToV HNXaviouo Kal fuouv aiyoupn OTI Kavévay eV TOV Eixe KaTa-
KAUOE€I N payeia TnG yvwong Kal To yiaTti ATav onUavtika Ta ouola Tpiywva
Kal YEVIKA N ouoloTnTa, TTap’ 6Ao 1Tou 6Aa yUpw TOUG, OTTO TOUG YEWYPOQI-
KOUG XAPTEG WG TA NAEKTPOVIKA TOUG TTaIXVIdIA €iXaV v KAVOUV HE OUOIO-
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™Ta! Opwg gixav dikio! Aev gixav Tnv xapd Tng TapaTtripnong, TG avakda-
Auyng, NG ouvdeong pe 1o TTEPIBAAAOV (QUOIKS ] TEXVNTO), TN CUVEXEID TNG
yvwong!

Tnv emmépevn @opd Toug THya oTnv aiBouca Twv H.Y. kal T0 pdénua ako-
AouBnoe Tnv €€ TTopeia:

A. TpwTta Toug piAnoa yia Tov OaAf To MIAfo10 Kai yia TNV MewpeTpia Twv
«OKIWV». A TO TTWG OKEPTNKE va PETPHOEI TO UYOS ThG TTUPAUIdAG TTapa-
TNPWVTAG YUPW TOU Kal AEyovTag TTEPITTOU Ta €ENG:

Agv utTopw va UETPnow 10 UWocg Tou xAveral GTous oupavous; Oa uerpriow
TNV OKIG ToU TTOU €ival Treouévn oto édagoc! Me 10 «uIkpO» Ba LeTpnow T10
«UEYAAO» " UE TO «TTPOCITO» TO «QTTPOCITO» ~ UE TO «KOVTIVO» TO «UAKPIVOY.
Apkei va yoiralouv!

B. 210 1on avoiyuévo Sketchpad (éva amé 1a Aoyiouikd tng Dynamic Ge-
ometry Environment), Toug {ATnNoca va Kataokeudoouv Ta £ENG opBoywvia
Tpiywva:

€

B

A r A’ r’

€1//e2 (o1 akTiveg Tou QWTHOG), AB TO dyvwoTo Uywog, A'B” 10 yvwoTd Uyog

(éoTw piIag paBoou), Al n okid Tou AB kat AT Tou A'B’.

Mapatnprcaue OTI Ta Tpiywva, TTpwTa atr 0Aa, éyolalav. (To éva ATav opi-

Kpuvon Tou GAAou, «TTpocopoiwch» Tou). Toug ATNOO va PETPAOOUV TIG
B A'B’

Al AT

opioa 6An Tnv 1ééN Kai diatmioTwoa Ot Aol gixav UTTOAOYIOUEVOUG OThV

086vn Toug TOUG Adyoug.

TIAEUPEG TWV TPIYWVWYV KOl va UTTOAOYioouv Toug Adyoug

Mapatripnoav 6t o1 Adyol fATav icol Kal dlatnpoucav auTh TV 1I00TNTA O€
oTroladnTToTE augouoiwon Twv AB kai A'B’(TTavta o1 akTiveg Tou fAIou ATav
BéBaia TTApAAANAEG). ZXONIAOTNKE OTI QUTA N 0TABEPA avaAoyia Twv TTAEU-
pPWV ATAV N aITia EI0aYWYAS TWV TPIYWVOMNETPIKWY apIBuwy ofgiag ywviag.

I. Toug ¢ATnoa va Aoyapidoouv 10 AB divovtag ta uikn AlN, AT (okI€g) Kal
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A'B’ (p4B5OC).

A. Zxediaoa éva Tuyaio Tpiywvo ABIT kal To peyévbuva 2 @opég TTaipvovTag
TOA'BT’
r

r

AN

A B A’ B’

MeTpricave TIC ywVieg Kal TIG TTAEUPES Tou Kail BydAave OTi:
AB _BT _AT _
BI Al

& auTh TN Béon ATav €UKOAO Kal Pe TO PATI va Bpolv TIG avAAOYEG TTAEUPEG.

A=A ,B=B', =" kal o7 2

E. 'Ecupa 10 ABI™ ka1 To ToTrT08€TNOO TTAVW oTo A'B'T 'KaTd TOV €£¢AQG TPOTTO.

r,r
AlamoTtwoave 611 AB//A'B” kai yiati  ioxue
A B TO Bewpnua Tou OaAr aAAd kai yiaTi:
A=A" (B=B).
A’ B’
r,r
2T. 'Eoupa kal éoTpewa 10 ABIT —pE xpn-
On CUMMETPIaG (agoU avTéypaya To apxi- A
KO OX£DI0 atTaAgipovTag TO KEVTPO QUED- B
Meiwong) waTe va TTapel auTr T B€on:
A B

‘Htav Twpa 1TOAU €0koAo va avTiAng@Bouv o1t A'BT '~ ABI ye AB oxi TTa-
PAAANAN TNG A'B” kail va TTépouv owaoTd Toug AGYOUG.

AuTA N PIKPA €TTAQA TWV PABNTWV KE TO KAIVOUPIO paBnolakd TTepIBdAlov
Mou €B€IEE TTWG N XPron TNG TEXVOAOyiag TTPAKTIKA EUTTVEEI TOUG MaBNTES va
BéAouv va pdbouv TIC avaAUTIKEG HEBODOUG YIaTi aTTOKTOUV MIa KAAUTEPN
Karavénon Tng avoAuTikAg  Sladikaoiag kKal PJAAIoTa auTh KaB®’ €auTh n
avaAuTikn dladikacia €xel TTepIooOTePN «ouaiax». TeEAIKA n TexvoAoyia £dw-
o€ 10 KivnTpo! ETTiong, TTpocwTmIKA ToTeEUW OTI KAl N GUVOED evOC BEUATOC
ME TO IOTOPIKO TTApeABOV divel pia peydAn wonon otn yvwon yiati tnv
evidooel 0’ éva TrepIBaANov, o€ Pia avaykaidtnTa.
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(4 KoitwvTag To mapeA0ov...

TA OEMATA IOY AYZKOAEWAN MEPIZZOTEPO
TOYZ YIMOYHO®IOYZ

MamaéoémovAos Kworag,
MoaOnpuartikég, Bépoia

Z TO ApBpo autd Ba KAVOUPE MIa avadpour] oTo TTapeABOV TTOU TTIOTEU-
OUME TTWG Ba gival XpAOoIUN yia TOUG UTTOWNPIOUG.

‘Eva ooBapd TpoBAnUa TTou aTTaoXoAEl TTAVTOTE TOUG PaBNTEG gival O
BaBudg duokoAiag Twv BePATWY TTOU TTPOKEITAI VA avTIHETWTTIoOUV OTIG MNMa-
veEANadIKEG e€eTAOEIC TOUG. KOITWVTAG TTPOG Ta TTiIow o€ OTI a@opd To Paon-
MO TWV HAaBNUOTIKWY, JTTOPOUHE Va TTOUHE Ta €EAG:

ATIé 10 1983, o1rdéTE APYXIoE TO CUCTNUAO TWV Agopwy, WG TO0 1992, dnAadr)
yia pia dekaeTia TTEPITTOU, Ta BEPATA TWV €EETACEWY €ival QPKETA ATTAd,
TIPOCAPHOCHEVA OTIG ATTAITACEIG TOU OXOAEIOU Kal TWV OXOAMKWV BIBAiwv.
ATT6 170 1992 Kal PETA YivETAl PIO ATTOTOUN METACTPOQN Kal Ta BéuaTta Twv
e€etdocwy yivovtal TTOAU OUOKOAOTEPA. ApKETA BéuaTa aipvididlouv Toug
HaBNTEG PE TNV DUCKOAIQ KAl TNV TTPWTOTUTTIA TOUG.

270 GapBpo autd Ba TTapabéooupe KATTOIO OTTO Ta BEPaTa TTou SUCKOAEWav
TOUG HaBNTEC Kal PIKPES UTTOBEIEEIS yia Tn AUan Toug. MiaTeloupe OTI N evo-
oxo6Anon Twv padnTwyv pe T AUon Twyv BepdTwy autwy Ba Toug dWOEl VEES
10€€¢ Kal Ba Toug BonBroel OTIG EEETACEIG TTOU TTPOKEITAI VO DWCOUV O€ Aiyo.
Ta 6épata 1ToU Ba ava@Epoule gival ammd Ta KEQAAQIA TwyV HABNUATIKWY
TToU SI0GCKOVTAY Ol HABNTEC KAl TOTE KAl GHUEPQ.

MNvwpiCoupe 6Aol To TTveUua Twv €EeTACEWY yIa TN OUOKOAIa Twv BEPATWY.
Ymapyxel onAadn pia KAIJAKwon atmd To TTPWTO TTPOG TO TETAPTO BEua TTou
gival To OQUOKOAOTEPO KOl ATTOTEAEI TO KPITHAPIO yia TNV €loaywyn OE pia
«KOAN» OXOAR.

Ta d00 TTpWTa XPOVIa EPAPHOYRS TOU VEOU EEETAOTIKOU CUCTAMATOS (TWV
KATEUBUVOEWY), YIO VO PNV COKAPIOTOUV Ol UTToWnR®Iol aTTd TO VEO Kal TO
ayvwoTo, Ta Béuarta Aoav dpkeTd atmAd. Ta dUo Gpws Xpovia TTou aKoAoU-
Bnoav, TMOAU cwaTd, utTAPEe MiIa dIaPOPOTToINCN Tou PaBuoUu dUCOKOAIaG
oTo TeAeuTaio {ATNUA N oTToia dnuIoUpyNoE Kal pia agloAoyikoTepn KAING-
Kwaon otn BaduoAoyia Twv ypamTwyv. AuTO TTPORAETTETAI va Yivel Kal OTO
HEANoV. Agv Ba avapepBolpe oTa BEpaTta auTtd (Tng TeAeuTaiag dIETIAG), aA-
AG oTa BépaTa Twv Aeouwv.
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‘ETog 1995: ZATNpa 4° Tng 1™ Aéopng, 4 vmodATnHa:

OewpoUpE TOUG TTPOYHATIKOUG aplBuoUg o, B pe 0 < a < B, Tn ouve-

B
XA ouvdptnon f: (0, +x) - R, yia TV oTroia: J’ f(t)dt=0 ka1 Tn ou-
a

vdaptnon g(x) = 2 +1J'x F(t)dt, x[0(0, +0). Na deixO¢ei 611 uTTdpXEl Eva
X Ja

TouAdxioToVv Xo[(a, B) TETO10, WOTE VA I0XUOUV:
a) H epatrTopévn TnG YPAQPIKNAG TTAPACTAONG g OTO ONMEio
(x0, g(Xo)) va gival TTapdAAnAn oTov dgova xx.

B) g(xo0) =2 + f(xo)

Ymoédeign:
a) loylouv ol TTpoUTtroBécceig Tou O. Rolle yia Tnv g 010 [a, B], dpa uTTApXEl
XoU(a,, B): g'(xo) = 0.

1 1
B) g'(xo) = -—zj f(t)dt +—f(x).

X Ja X

, , 1 & p
Emopévig g'(x) =0 = x_.[a f(t)dt=f(x,) N 9gxo) =2+ f(xo)
0

Tnv idla xpovid oTo 30 ZATnua, B~ vmolATnua, B epdTnua TE6NKE Wi TTO-
AU evdlaQEpouca aoknon:

B) H ouvdptnon f: R-R gival mapaywyiociun kai 1oxoer: f'(x) > 0 yia

B
Kd0e x[OR. Na deixBei 6TI n ouvdpTnon: F(x)=J' f(x-t)dt, xOR, pe
a

a, B TTPpAYMATIKOUG aplOoUg gival TTOpaywyiciun Kal 0TI av utrdp-
XEl Xo,[OR pe F'(Xo) = 0, 1618 F(X) = 0, yia ka0e x[OR.

Ymodeign:

O=a 0 % a
Oétoupe u=x—-t O dt=-du. Orav
=B 0 x B

Gpa F(= [ ~fu)du=["" fupdu - [ fupdu

F'(x) = f(x—0a) = f(x—B)
Emopévwg F'(X0) =0 0 f(xo—a) = f(Xo—PB) E Xo—a=%X—-p 0O a=p,
dpa F(x)=J':f(x ~t)dt =0
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‘ETog 1997, 1n Aéopn, 30 ZATHHA

Aiveral mpaypaTikiy ouvdptnon g, 800 @opég TTapaywyiciun oto
R, TéTola (aTe g(x) > 0 kau g"(x)@(X) — [g'(x)]* > 0 yia kGO xR,
Na deixBei 6TI:

I

a) H ouvdptnon g gival augouoa.
9

B) g H<,/g x1) @ (x, ), yia KGBe x4, X[OR.

Y1'r66£|§r].
2

o) ho)=9% 0 g IXIBXI= ()
9(x) g* (x)

B) ©twpoupe T ouvaptnon: f(x) = log(g(x)),
(%) g'(x)(x) - (d (x))°

fi(x ):W’ fix)= ()

>0, yia kabe x > 0.

. O x+x,0 0%, +X O
O.M.T. yia TNV f oTA SIOCTAUATA: X4, 2 ——2 X457, X1 < Xo.
yia v f nu XS BE S g X%
Ox, +X, 0

|:|
HiH f X1 §1 &1 Eﬁxw X X

Dx1+x2D x2 Xy 4 Xy X, DD
ST ﬁz[ﬁ—z g

f

x2D x2

"L () - £ (&)8 > 0, Biom £ 1

F(xq) + f(x2) - 2fB 5

dpa: f(x:) + f(x2) > 2f BTxﬁ 0

log(g(x1))+|09(9(xz))>2I09Ep XZ% +X2D Ja(xJa(x,)

To (=) 1oxUel 6Tav X = Xa.

‘ETog 1997, 4n Aéopn, 40 ZATNpO

‘EoTw f TpayuaTiki cuvdpTnon cuvexng oT1o R, TéTOolO WOTE:

f(x) =2 2, yia kGBe x[OR. OswpoUpe T ocuvdpTNON:

2

x“-5x
g(x)=x>-5x+1- J'o f(t)dt .
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a) Na deix0ei 611 g(-3)d(0) <0
B) Na deix0¢i 611 n e§iocwon g(x) = 0 £€xel pia pévo pifa oto didoTh-
Ha (=3, 0).

Ymodeign:

a) ©. Bolzano oTo [-3, 0].
g(=3) = 25 — J'024 f(t)dt <0, agou f(t)=2 O I024 F(t)dt > 48.
9(0)=1>0

B) Av p4, p2 U0 pileg TNG g 010 (=3, 0), hE p1 < P2, TOTE O. Rolle aTo [p4, pa2]:

Ymapxe €0(p1, p2) 0 26 -5 - f(§2 - 5)@E-5)=0 -
(2¢ — 5)[1 — f(€2 - 5¢)] = 0 droto, agol 2§ —5 < 0 kar 1 — f(€2—5€) <0

(©66nke f(x) =2 yia kaBe xOR).

‘ETog 1998, 1n Aéopn, 20 ZATNHA

A. Aivetral o giyadikog z, pe Im(z) < 999 kai To oUvoAo A Twv HiI-
YOSIKWV z, UE Z # Zg KOl Z # Z;, TTOU IKOVOTTOIOUV TN oX€0n:

1 N 1 _ 1998
2-20| [2-2| [z2-2o|0z-7Z|
Na Bpeite Tn peyaAiTepn duvaTth amréoTAON, TTOU PTTOPOUV VA OTTé-
XOUV HETAEU TOUG Ol €IKOVEG SUO0 HIyadikwv Tou cuvoAou A. MMoiol
gival auTtoi ol piyadikoi apiOuoi;
Na e§eTdoeTe TNV TTEPITITWOON Z) = Z,.

Ymodeign:
|z =2o| +|z —Z,| =1998.

O1 eikbveg TwV PIYadIKWYV z BpiokovTtal o€ EANEIYN PE €OTIEC TIG EIKOVEG
TWV Zg KaI Z; K.ATT.

MepikéG aoKAoEIg TTou Ba ptropoUcav va atroTeEAETOUV TO «BUCKOAO» BEua
Twv eeT@ocwy gival ol X3, k24, xI25 kar %26, amod TG TTPOTEIVOUE-
VEG Y1 AUon ¢' auTd TO TEUXOG Tou "ATroAAwviIou”. O@eciloupe va dIgukpl-
viooupe 611 auTd dev onuaivel OTI 01 EEETACEIG TTPETTEI VA TTEPIEXOUV OTTWO-
onTrote éva TETOI0 BEPa. OEAoupE aTTAG va ETICNUAVOUNE OTOUG UTTOWI-
@Ioug OTI hE TNV avTiAnwn TTou ekBEéoape TTapaTrdvw, Ta BEuarta dev Ba gival
«emmiTreday. OI aOKrOEIG TTOU TIPOTEIVOUNE aTTEUBUVOVTAI OTOUG UTTOWN®IoUg
NG OeTIKNAG Kal TexvoAoyikig KateuBuvong tng M Aukeiou.



48 Iep1061kn €k8oon 10v napapriparog E.M.E. N. HpaOiag

Emionu&voeig - AIEVKPIVAOEIG
T&vw oTn ZXOAIKNA 0An

21NV OTNAN QuTh TTEPIEXOVTAI ETTICNPAVOEIG, TTAPATNPI-
O€IG, OUUTTANPWOEIG Kal OIEUKPIVACEIG O€ onueia Tng
Bewpiag Twv oXoAIKwV BIBAiwV, TTOU KpivovTal avaykaia
ylo Yyivouv €UKOAOTEpa Katavontd amd Toug uaonTéc.
270 TeUXOG autd TrapouaidfovTal Tpia Gpbpa, Twv M.
MatraddétrouAou, N. lwoneidn kai A. lwoneidn.

NMpoBoAR diaviopaTog
Kol av&Avon 81avOopaToG 0 KAODETEG OLVIOTWDOEG

NamadéémovAog MavwAng
MoaOnpuarikég, Bépoia

- ~ M
‘Eotw OA =qa, OM =u dU0o diaviouara Je
Koivi) apxhj 1o O. ®épvoupe MBOOA. u
Ovopdadoupe TPOROAR Tou U TIAVW OTO
- L_'I »
a To didvuopa OB, kal To gupBoAifoupe O mpop.i B 5 A
[0

mpoR,u .

Mpogavwg Tpofsu //a dpa TTpofu = A .

Etriong eivar: & (i =G [OM =g [6(58 +BTV|) =G [OB +G BM,
Kal ereidn a O BM, fa cival & (BM = 0, omére:

G=GB r |ali=aLlwpop,l

Emeidr akdun: Tmpofsu=ALa (1),

n Tapamdvw oxéon vivetar: ali =A@ [ A =% (d,
a
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dpan (1) ypaoerai: mpoR,u = % (&
a

Etropévwg, av yvwpiCoupe TIC CUVTETAY-
péveg dUo SlavuoudTWyY a Kal B gival €u-
KOAO va UTTOAOYiOOUpE TNV TTPOROAN TOU
€VOG TTAVW 0TO AAAO aTTd TIG I00TNTEG:

Q!
3
1)
R e —
P
=

TIpOR; G = ||[[B[[B Kol TPy G-GEB di
B

Gl

OméTte, av BéAoupe va avaAlooupe éva didvuoua U og dUo KABeTa diavo-
opaTta U, Kal U, €K TwV OTToiwv To éva va gival TTapdAAnAo pe 1o SiIGvuopa

a, Ba givar: U, =TpoPsUu  Kal U, =U —U,
Ta duo Tmapadeiyyara TTou akoAouBolv egnyouv KaAUTEPQ TNV TTAPATIAVW
diadikaaoia.

MAPAAEIrMA 10

Av U=(-23) ka1 a=(3,4), va avaAuBei To U o€ dU0 KGBeTa Blavioua-

T U, KOl U, €K TWV OTTOIWV TO éva va gival TTapdAAnAo pe 1o didvuoua

a!
AYZH
G =mpop.a =9l 5 - 2333 6 . (18 240
1RO T 32 +42 25 5’ 25
6, -0, =(-2,3) -H8, 240 4 88 51
? 1TV s 250 H 25 25 251

NAPAAEIFMA 20

Na Bpebei n TpoBoAr Tou Slaviopatog B Tavw oto & =(3,4), av yvw-

a
pigoupe 611 B =2 ka (a,ﬁ)zg.
AYEH:

Eivar: & B =dl i ouv (&, B) F +4%7 2 @uv% =512 E;— =5.

Apa, TTPoB,S = dﬂ = 143, 4) Bg SH
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NMapaTnpnosig
og 600 BépaTa
TWV

MaoOnpaTik®v

,6 S Me agpopun kamoia amé ta mepu-
KGTEUGUVO’I]Q oiva Béuara MaBnuarikwv e I

Aukeiou OeTikNS Kai TexVoAoyIKAS
TOL 2002 KareuBuvong Ba kdvouue KAToles

5 ) emonuavoeis orn Bswpia Kai oTic
lwongiéng Nikog AUTEIC, TTOU yia TTOAAOUC uadnTéc
Mabnuartikég, Bépoia givar Qyvworeg.

Oéua 30
‘EoTtw o1 ouvapTthoeig f, g He medio opicuou 1o R. Aive-

TalI 6TI N oUVAPTNON TNG oUvBeong fog eivan 1-1.
o) Na dei1x0¢ei 611 n g givan 1-1.
B) Na deigere 611 N e€iowon:

g(Fx)+x®-x)=g(f (x)+2x-1)

€x€l akpIBwg dU0 BeTIKEG Kal pia apvnTIKA pida.

ZxoAialoupe pévo To (B) epwTnua.
111

g(F () +x® =x) =g(f (x) +2x -1) L
FOO+x3-x=f(x) +2x -1 = x® -3x+1=0 (1)

Mpétrel va deigoupe 611 n (1) €xel akpIPwg 3 piceg, dUo BeTIKES Kal Hia apvn-
TIKA.

O¢toupe h(x)=x> —3x +1.

H ouvABng ammddeign cival n €¢AG:

Epapudloupe 10 ©. Bolzano ota diactiuarta [-2, —1], [0, 1], [1, 2].

* houvexng oto [-2, —1].
* h(-2)H(1)=-13 <0,
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emmopévwg n h(x) = 0 £xel TouhdyioTov pia pida oTo (-2, —1), dnAadn pia ap-
vNTIKA pida.

Oupoia n h(x) = 0 £€xel pia TouAdyioTov piCa oto (0, 1) kai pia oTto (1, 2), én-
Aadn n h(x) = 0 £xel TouldyioTov 3 piceg kai €TTe1dr ival 3ou Babuol (TToAu-
WVUWIKNR) Oev £Xel AANEG PiCEG.

H amédeign auth gival TAApNG™ dnuioupyeital WG £va epwTnua:

To OepeAiwdeg Oewpnua TG AAyeBpag, 6T dNAadN: "KadBe moAuwvuuikn
eéiowan vioaTtou BabBuou ue ouvreAsatéc ammo 10 C éxel akpiBwS v pifes oTo

C", av Kai TrepiEXeTal 0To OXOAIKO BIBAI0 aTo Ke@dAaio Twv Miyadikwv A-

pIBuwyv, gival £€Ew atrd Tn dIdakTéa UAN. Oa pytTopouce AoITTOV va XpnaoIdo-
TroInBei; To yvwpidav 6Aol ol pabnTég;
Mwg aAAMwg Ba ptropoucav va atrodeifouv 0TI Oev UTTAPXOUV AAAES pileg;

Aivoupe 800 dAAeg amrodeigelg mou uloBeTouvTal amd TTOAAOUG padnTég,
gival WG eANITTEIG. Oa CUPTTANPWOOUUE TIG AUCEIG, WOTE Va gival TTANPEIG.

A’ Arédeign:

h(x) = x® —3x +1
h'(x)=3x? -3 =3(x +1)(x -1).
KaTaokeudZoupe TOV TTAPAKATW TTiVOKA JETARBOAWY TNnG h.

x | 21 0 1 2

h"(x) + O - 0 +
hy| *a <
ATIO Tov TTapPATTAvW TTiVaKa TTPOKUTITEI OTI N h €ival yv. govéotovn oTta dla-

omquata (-2, —1), (0, 1) kai (1, 2), dpa o1 pieg TTOoU PpéOnkav pe 10 O.
Bolzano ota mapatmdvw diacTrpaTa gival JovadIKEG.

To cuptrépacua autd Opwg Bev gival cwoTo, OTTWGS PaiveTal OTO TTAPO-
KATW avTITTapddelyua:

H ouvaptnon f(x) = x® eivai yv. at€ouca oTo R, a@oU pe X4, X;[IR Kal
X1 <Xz = X;<X5 dnAadn f(x1) < f(xz).
Ouwg n e€iowon f(x) =0 éxel 3 pigeg ioeg pe 0 ka1 Ox1 pia.

ToviCoupe 611 0T0 OegPeAiwdeg Oewpnua TNG AAyeBpag oTo TTARBOG Twv pPI-
(Wv TTPOOoUETPATAI KAl N TTOAAATTAOTNTA TOUG,
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dnAadn n e€iowon x> = 0 éxel TPEIS PICES X1 = X, = X3 = 0 KI 6X1 pévo pia).”
‘ETo1 AoItév n mapatmdvw Auon Ogv atrodelkvUel 0TI ol pifeg TTou BPAKAUE
gival yovadikég, dnAadn n Tapatravw aTTédeitn eival EANITTAG.

To 611 yia ouvdpTtnon f eival yv. augouoa ato didoTnua A dev apkei yia va
éxel n f yovadikn piCa oo A.

loxoel 6uwg 10 €ENG:

"Av yia v moAuwvuuik ouvdprnon f ioxuer: f'(x) > 0 oro
oiaornua A, 161e n  d¢ev utropei va éxer oto A pia moAAa-
mAoThTag = 2",

Mpéyuar, av p piCa NG f(x) = 0, BaBuou TToANaTTASTNTOG = 2, Ba eival:
f(x) = (x—p)mr(x) O f'(x)=2(x— p)r(x) + (x — p)°Fr’(x), dpa f'(p) = 0.

‘ET01, TO yeyovog ot h'(x) > 0 oto (-2, —1) amodeikviel 6T n pifa TG h oTo
(=2, —1) givar povadikny (kar 61 1o 611 N h givar yv. povérovn aro (-2, -1)).

ToviCoupue 611 pia ouvapTtnon f uTopei va gival yv. augouoa (avt. @Bivouoa)
oT1o didotnua A kai otav f'(x) = 0 (avt. f'(x) < 0), apkei Ta onueia pndevi-
opoU TNG f va unv arotedouv didoTtnua, dnAadni o undevioudg Tng f~ o€
MePovwpéva onueia dev eTTnpeddel Tn JovoTtovia TnG f, av n f &ev aAAAdel
TIPOCNMO EKATEPWOEV TWV GNUEIWV UNdEVIOUOU TNG.

Qg edw atrodeicape o1 o1 piec TNG h oTa TTapamdvw dlacTAPATA €ival Po-
vadIkEG. YTTapxouv Opwg GANeG pideg €€w aTTd Ta dIACTANATA AUTA;

MTropoupe va atrodeicoupe 0TI dev UTTAPXOUV AAAEG PiCeC WG ENG:
Eivar: lim h(x)=—c kar lim h(x) =+

X - —00

Emiong: h(-=1) =3 kar h(1) =-1.

210 didoTnua (-, —1] n h €ivar yv. adgouca kai ouvexng, dpa 10 gUVoAo
TIMWV TNG €ival TO (—oo, 3] Kal €TTEIdA OTO (—o0, —1) givan f'(x) > 0, uTTAPXE!
povadikn pifa oTo (—oo, —1].

Ouola, utrapxel povadikh piCa oto (-1, 1] kar povadikn pifa oTo (1, +0o),
€101 01 piCeg TTou BpéBnkav pe To ©. Bolzano cival povadikEg.

0 Népe 6T 0 apiBuog p eival pifa Tou TToAUwvVUPou f(x) (] 10080vapa TNG TTOAUWVUNIKAG
egiowong f(x) = 0), BaBuou TOAMATAGTNTAC K (KON ) av (X — p)*Of (X) evid (x - p)K+1 }ﬁf(x) .
loodUvapa: f(x) = (x — p) m@r(x), ye m(p) 2 0.
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B" Améd<i1én (Ms tn Borjsia tou O. Tou Rolle):

YT1roBétoupe o011 N h €xel 2 pideg pq, p20(-2, —1) Kal £€0TW p1 < Pa.
E@apudloupe 10 O©. Rolle oTo [p4, p2]-

loxUouv ol atraiToupeveg TTpouTToBETEIg, dpa uttdpxel E(p4, P2),

e h'(€)=0 < 3(°-1)=0 < ¢&=+10(-2, —1), aroTro.

Apa n pifa TTou Bprkape oto (—2, —1) e 10 ©. Bolzano cival povadiki.

Kai n rapatmavw atrédeign dpwg dev gival TTARpNG, TTeId UTTOBETOUE
P1 % P2, ONAOON dev €EeTACETAI N TTEPITITWON P1 = Pa2.

ZuuTTAnpwvouue AoImmév TNV amodeign wg €EAG:
Av pq = p2 (= p), gival dUo ioeg pieg TG h oT0 (-2, —1), TOTE:
h(x) = (x — p)*r(x),

Kal, OTTWG Kal oTnv TTponyouuevn amodeign, h'(p) = 0, drotro.
‘ET01, N pida o1o (-2, —1) gival yovadIkh.

Me Tov idl0 TpOTTO atrodeikvUeTal OTI Kal Ol AAAES piCeg TTou BPAKOUE WE TO
©. Bolzano gival povadikég oTa avTioToixa SIooTAUATA.

BéBala, yia va atmmodeixBei 611 dev UTTAPXOoUV AAAES pilec eKTOC TWV TTAPO-
TAvw Sl00TNUATWY, TTPETTEI N aTTOdLIEN VA CUUTTANPWOEI OTTWG KAVAWE Kal
otnv A" ATTodeign.

ZUPTTEPACMOATIKA: 2TnNV aT1rodeiEn Uttapeng povo Tpiwv pidwy, av Otv Bé-
Aoupe va xpnoiyotroifjooupe 70 Baoikd Ocwpnua g AAyeBpag, TTPETTEN va
aITioAoyriooupe OTI dev UTTAPYXOUV TTOAAQTTAEG pideg. O apiBudg Twv pidwyv
€VOG TTOAUWVUNOU TTPOCHETPA Kal TV TTOAAATTAGTATA TOUG.

MPOZOXH OPWG: ZUPQwva Pe TO OXOAIKO BIBAIO, povo yia Ta TTOAUWVUPO
opioTnkav TTOAAATTAEG piCeg. AnAadr] o1 TTapaTrdvw dIadIKaoieg yivovTal Jo-
VO 0€ TTOAUWVUIKEG OUVAPTAOEIG.

Av n e€iowon h(x) = 0 dev ATav TTOAUWVUUIKA Ogv Ba xpelaldTav n atmodeign
OTI dev UTTAPXOUV TTOAAATTAEG PiCEG.

O opiop6g TNG TTOANATTASTNTAG TWV PICWV PTTOPET va €TTEKTABEI Kal yia un
ToAuwvupIkEG ouvapToelg (BA. ©. Kadavtln: MAPATQIrOl SYNAPTHZEQN,
Exkddéoeig ZmnAiwTtn, ABriva 1991, oeA. 100). Kati Tét010 Opwg dev apopd
TOUG UTTOWNQioug.
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Oépa 40 Mepropi{éuaots uévo oro spwrnua (B;)
Aiveral n rapaywyioiyn oto R ouvdpTtnon f 1rou IKavo-
Troigi Ti oxéoeig: f(x)-e ™ =x -1, xOR ka1 £(0) = 0.

Na ekppaoTei n f~ wg ouvdpTnon TG f.

ANAAYZH:

Ta dedopéva €dw (UTTapEN TNG f, TTapaywyiciuétnTa NG, kai f(0) = 0) ai-
VOVTalI TTOAAG.
AUTO TTOU OKEQTETAI KAVEIG gival 6TI aTTd TN ox€on:

f(x)-e7™ =x -1, xOR

n f MAaAAov civai opiopévn, otréTe Ta GAAa dedopéva (TTapaywyIcIgoTNTa
kal f(0) = 0) ydAAov TrepITTEUOUV.

Mpiv TNV ammédeign o1 Ta dedopéva auTd dev gival amapaitnta, Ba atravin-
OOUME TTPWTA OTO EPWTNMHA:

Y1dpxel ouvapTnon TToU IKAVOTTOIE TNV TTAPATTAvVW oXEon yia KaBe x[R;
H amdvrnon eival katagaTiki. H atrddeIEn Tng yivetal wg €EAG:

o) YNAP=H TnG f.

OcwpoUye TNV egiowon: y—-e”+1=x (1), ME @yvwoTo TOV Y.

Oa atmrodeioupe 611 yia KaBe x[OR utrdpyxel yOR TToU IKavoTTolei TNV (1).
Oétoupe g(y)=y—e” + 1.

H g éxel medio opiopou 1o R Kkai gival TTapaywyioiun oto R pe
g’(y)=1+e” >0, yia kd0e yOR, dpa n g €ival yv. avEouoa oTo R.
AKOuN: yIirtlmg(y) = yIirr_1m(y -e7V)=-0—-0=-w

Kal: lim g(y)= lim(y-e™”) =40 -0 =+
yﬂ+oo yﬁ+oo

Kal e1T€I®A N g €ival ouveXNG Kal yv. augouoa oTo R, TO OUVOAO TIMWV TNG

gival 10 (—oo, +00) = R.

Apa yia kdBe xR, a1md TNV (1) opileTal yovadIKO Yy yey —e™¥ + 1 = Xx.

Av Aoittov yia kéBe xOR avTIOTOIXICOUKE TNV TIWA f(X) = y TToU €TTAANBeUE!

™mv (1), opidetal povadIke ouvaptnon f pe v idietTa: f(x)—e7™® +1=x.
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B) ANOAEIZHTNnG f(0) =0

A@ou n ouvdaptnon f tou emaAnBevel Tnv (1) cival povadikr, N ouvlnrikn
f(0) = 0 TrpéTTel va TTPOKUTITEL

Oa amodeioupe Aorrév ot Tpdyuatt f(0) = 0, dnAadn n cuvelnkn auth wg
OeQONEVO TTEPITTEUEL.

H oxéon f(x)-e7™® +1=x yia x = 0 &iver:

F(0)-e7® =1 B¢rovrag f(0) =yo, Yy, -€" =-1.

H teAeuTaia 1oxvel yia yo = 0, kai emeidf amodeifape 6t yia k&dBe xOR u-
TTApXEl Hovadikd y TTou IkavoTrolei TNV (1), N pida yo = 0 gival povadikh.

Apa f(0) =yo = 0.

Y) NAPArQrizIMOTHTA TnG f

A@ou n ouvéptnon f tTou IkavoTrolei Tnv (1) gival yovadikr, N Tapaywyiol-
HOTNTA TNG TTPETTEI ETTIONG VO TTPOKUTITEL.

H atmoédeign yivetal wg £¢AG:
H ouvdpTtnon g(x) = x —e™ + 1 gival TTapaywyioiun oto R pe:

g’'(x)=1+e*>0, yia kdbe xOR,

dpa n g sival yv. avfouoa, emouévwg kai 1-1, dpa opiletai n g R~ R, Tou
TTPOYavVWG givail n f.
Emeidf Twpa g'(x) £ 0, yia kdBe xOR, n avtioTpoer TnG, dnAadn n f, €ivai

TTapaywyioiun oto R.

QoTe kKal n UTapén TNG f Kal N TApAywyIicIOTNTA TG Kal N ouvOikn
f(0) = 0, og pia auoTnpn HeAETN cival TrePITTEG. TNa TO £TTiTredo SPWG
TWV HAONTWV ROAV AVOYKAIEG.

08) EYPEZIHTNG [’
H eUpeon Tng f~ Twpa givar eUKOAN.

Mapaywyifovtag Tnv (1) WS TTPOG X TTAIPVOUE:

F)-e™F(x) =11 fF)1+e™] =1

apa: f(x)= v L kGBe xOR.

+ e_f(x
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H Tpiywvikn aviooTnTx

lwoneiéng Aewviboag
®oitntAg Mabnuartikwv A.I1.0.

E ival yvwaoTd OTI: Xe KGO Tpiywvo KGOe TAsupd eival pikpOTEPN ATTO TO
d6poicua Twv GAAwv dUo kai ueyaAdrepn amro 1n d1aPopd TouC.

Edw, 6tav Aépe dlapopd, evvooUUE QUOIKA TNV AatTOAUTN TIUE TNG dlagopdg,
01611 oTnV MewpeTpia dev UTTAPYXOUV ApVNTIKA PEYEDN.
Av Aoitév ovoudiooupe a, B, y TIG TPEIS TTAEUPEG €vOG TpIywvou, Ba £xoupe
TIG €ENG AVIOOTNTEG:

* OB-yO<a<PB+y

e Oy—ad<B<y+a

e Ha-BO<y<a+f
To epwTnua civai: MN16oe¢ oxéoeis TPETTEI va XPNOILUOTTOIO0UUE OE Uid &-
OKnNaon Ware 1a a, 3, y va UImopouv va eivai TTAEUPEC TPIYWVOU;
M.x. otnv emépevn aoknon: "Na BpeBolv ol TIHES TOU X yIa TIG OTTOIEG Ta:
X2+ x+1, 2x+1, x* + 1 gival TTAEUPEG TPIYWVOU", OV OVOUGOOUE:

a=x+x+1, B=2x+1, y=x>+1,
TTOOEG Kal TTOIEG OUVOAKES Ba XpNOILOTIOINCOUE;
Eival 11.X. apKeTO va TTAPOUE:
a<B+y A PB-y<a<PB+y N [B-yO<a<B+y;

MnATTwg TTPETTel va TTApouue edw eTTITTAéoV TIG oxéoeig: a> 0,3 >0,y > 0;
MATTWG av TTAPOUE Kal TIG TPEIG OXEOTEIG:
B-yO<a<B+y Oy—a<B<y+a fo—-BUO<y<a+p
gival TTeEpIcOOTEPES ATTO OOEG HAG APKOUV;
Mapoduoieg aokioelg uTTApXouV TTOAAEG. AOKACEIG dNAadH, TToU N AUoN TOug
TIPOKUTITEI ATTO TNV TPIYWVIKN aviooTNTA. AVAQEPOUNE AKOUO HIO YVWOTH
aoknon Tng B” Aukeiou:

"Av 0l TTAEUPEG EVOG TPIYWVOU QTTOTEAOUV YEWWMETPIKN TTPO0d0, VA aTTodEl-

J5 -1 . J5 +1,
: .

XO¢i 611 0 AdYOG TNG TTPOODOU TTEPIEXETAI ETAGU 5

ai
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Kal 3w To epwTNna ival To id10: Av a, B = al, y = ald)’ eivail o1 To&IC TTAEU-
PEC TOU TPIYWVOU, TTOOEC Kl TTOIEG AVICOTNTES TTRETTEI VA XPHOIOTTOINO0ULIE,

Oa atodeioupe 0w TIG AVAYKAIEG Kal IKAVEG OUVBAKES WOTE Ta a, B, y va
gival TTAEUPEG TPIYWVOU.

ATIO TNV MewpeTpia gival yvwaoTd OTI yia va UTTAPXEl TRIYWVO e TTAEUPEG a,
B, y pémmel uoikd: a >0, >0, y > 0 kai emmmAéov: [(B—yO<a<B +y.

Oa atodeifoupe OTI T TTAPAKATW CUCTAMATA QVICOTATWY (Z4), (22), (Z3),
(Z4), (X5) €ival 1I00dUVapQ.
a<B+yQ
U
B<a+yd (%)
v<a+p
G>B‘YE
B>y-a (22) (Or oxéoeic eival ypauuéveg ue KukAikn evairayn twv a, B,y)
v>a-pf
B-yO<a<B+y (Za)
Ly —al<B<y+a (Z4)
Oo—-BO<y<a+p (Zs)

H 1coduvapia Twv (Z4) Kai (Z,) gival TTPoPavAg.

looduvapia Twv (Z,) kai (Z3)
(a<B+y kai B<y+a kai y <a +B) « (a <P +y kai a >B -y kai a >y B)

- (a<B+y kai a>p-y]) = [B-y|<a<p+y

Opola atmodelkvUeTal OTI: (£1) < (Z4) KAl (Z1) = (Zs).

EmeidA 1a (Z2), (Z3), (X4), (Z5) €ival icoduvaua pe 1o (Z4), Ba gival icoduvapa
Kal ueTagu Toug. ‘ETol kal Ta TTEVTE GUOTAMATA (Z4), (Z2), (Z3), (Z4), (Z5) €ival
MeTagU Toug Ic00UvVapa.

Otav Aoimmév 1ox0el oTToI00ATTOTE aTTd Ta 5 cucTAPaATa, TOTE Ba I0XUOUV TA
(Z3), (Z4), (¥5), Gpaa >0, >0,y >0 (apoU a > [B-yUka [B-yL=0)

‘ET01 AOITTOV, yIa va XPNOIYOTTOINCOUNE OTI Ta 4, B, Y €ival TTAeupég TpIyW-
VOU, UTTOPOUE VO XPNCIKUOTTOICOUNE OTTOIOOATTOTE ATTO Ta CUCTHUATA (Z4),
(Z2), (Z3), (Z4), (Z5) Kal gOVO £va aTrd auTa.

Aev xpeiafovtail ol TpdaBeTol TTEPIopIopoi a > 0, B > 0, y > 0, d10TI TTEPIEXO-
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VTal 0€ OTTOIOOATTOTE ATTO TA TTAPATTIAVW CUCTHUATA.

Kai oTi¢ U0 aOKACEIG TTOU ava@EPAUE, Ol OXECEIS TTOU Ba TTAipVaUE YIa T
Abon Toug eivaiol: a<B+y kai PB<a+y ka y<a+fp

TTOU OTOUG TTI0 TTOAAOUG (aivovTal aTTAOUCTEPEG.

‘ET01, n AUon TnG 1ng doknong Tmou avagépaue: "Na BpeBouv ol TINES TOU X
yia TIG oTroieg Ta X2 + x + 1, 2x + 1, X* + 1 eival TTAeupég TpIywvou", gival:

MpéTtTel Kal apkei va 1oxXUouV:

a<B+yd X HXH1<2x +1+x° +1 B x >4 (1) 0
B<a+yQ - 2x+1<x? +1+x% +x Y10 < 2x? -x +1 >0 (2)%
v <a+Bf x? +1<x% +x +1+2x +1E 1 O

>3 Op

H (2) éxe1 A < 0 kal aAnBevel yia kaBe xOR.

01 (1), (2) xai (3) cuvaAnBeuouv Aoitrov étav x > —%.

AnAadn yia x > —% Ta a, B, Y €ival HETPA TTAEUPWV TPIYWVOU.
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29

KOTOOKEVOAOTEG
TALVTHPiWV
oLVIOTOOV

skip

avToi

EEpouv

Mavvng AmAakiéng,
MaOnuaTikég, Bépoia

E ival yvwaoTh n d1a@ruion ammoppUTTAVTIKOU TTou TTPORAAAETAI OTNV TN-
Aedpaon pe 1o TTAPATTAVW CAOYKaAV. 2T0 TEAOG TNG EPPAVICETAI PIO TTU-
papida atmd TTAUVTAPIA. ZTNV KOPUPH TNG eP@avifeTal €va TTAUVTAPIO KATO-
TV OUO K.O.K.

To ARB0G¢ Twv TTAUVTNPIWV TTOU gP@avideTal 0 KABE oeIpd atroTeAE aplB-
MNTIKA TTPO0d0 PE TTPWTO O6p0 a4 = 1 (TO TTAUVTAPIO TTOU BPICKETAI OTNV KO-
puon) kai dlagopd w = 1.

Eival yvwoTté TTwg 10 dBpoicua Twv v TTpWwTwy dpwv apiBunTikAg TTpoGdou

givai: szv(v+1).
) v(v+1) )
ANG: 29 = 5 = 58 =v(v+1) - B8=v+yv -

- v2+v—58=0,

n otroia dev €xel AUoelg 010 N!

29 KATaOKEUOOTEG TTAUVTNPIWY ouvioToUV skip auToi EEpouv ??7?
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AYO ZYNTOMEZ AYZEIZ
2E INQZTA NMPOBAHMATA

lNavvng AmAakiéng,
MabnuarTikég, Bépoia

r

10 MPOBAHMA:

‘EoTw opBoywvio Tpiywvo ABI™ pe A =90° kai
O EYVYEYPOUMEVOG KUKAOG Ot auTd €QATITETAI
oTnV utroTeivouoa aT1o A. A
Na deixBei ot1: (ABIN) = ABIAT.

A" B
AMNOAEI=H:
I © N
W
A (ABF) = (FBN) = (TOA) + (OAMKN) + (MKB)
o = (AAl) + (OAMKN) + (IMA)
A = (OIKN)
TR = OI0K
iz %\AM = er:BE
A / K = FAIAB
ol

A E B
20 MMPOBAHMA:
Av Ta Blavoopata @ =(k A) kai B =(u v) eivar kaBeta kai [dl = [ =1,
va OeIxBei 6T (kv — Ap)? = 1.
ANOAEI=H:
OcwpoUpe To Sidvuopa ¥ = (v, —p). Eivar y OB dpa y//a kai [yE 1.

Apa: (kv — Au)® = () = (Idl EMOUV(%V)) =100 =1.



ATMOAAQNIOE 1. 1o 61

MaOaivoupe

MNMaiCovTag
(Oewpia ApiOpmv

B” Aukeiov)
lwoneidng MNwpyog

Ma6énuarikog, Bépoia O

I_I apaBETOUNE KATTOIEG ATTAEG, OAAG XPNOIUOTATEG TTPOTACEIS Kal Oti-
XVOUUE e TTapadeiypaTa T XpnoIhoTnTd Toug. O TTPOTACEIG QUTEG OEV

TTePIEXOVTAl 0TO OXOAIKO BIBAio. OcwpoulvTal iowg TTpoaveic. Aev Ba
XPNOIUOTTOINCOUNE OAEG TIG TTPOTACEIG TTOU aKOAouBouv. TIG ava@EéPoupE
OMWG —Kal KAAG Ba ATav va TIg atTodeigouv ol pabnTég yia e¢aoknon—.

NMPOTAZEIZ:

‘EoTw a, B apTiOl Kal T, P TTEPITTOI, TOTE:

1) o+ B =apTiog 7) TP = TePITTOC

2) a-f=dpTiog 8) 1" =mepiTT6¢ (VON)
3) alB = aprtiog 9) a+ 1T = MeEPITTOG

4) a' = dpriog (VON') 10) a — 1 = TePITTOG

5) 1+ p = dpTiog 11) afir = dpTiog

6) - p = dpTiog
12) To dBpoioua otroioudATTOTE TTANBOUG apTiwy gival GPTIOG.
13) To dBpoioua apTiou TTARBOUG TTEPITTWYV €ival APTIOG.

14) To dBpolopa TePITTOU TTARBOUG TTEPITTWV €ival TTEPITTOC.

NMAPAAEITMATA:

1) Mmopsei o apiBuég 25 va ypagei wg dépoiopa 10 TpooBeTewy, TTOU
o Kafévag gival icog ue 1 41 3 ) 5;
(Aok. oxoA. BiBAiou karsub. B” Aukeiou)
AYZH:
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2Upowva pe Tnv mpétacn 13, 1o dBpoicua 10 TepITTWV gival dpTIog,
dpa dev PTTOPEI Va gival ico e 25.

2) Av a, B,y gival TepITTOl, N £€iowon: ax? + Bx+y =0 (1)
Oev éxel aképaia Avon.
(Aok. oxoA. BiBAiou kareuB. B” Aukeiou)

ATMNOAEI=ZH:
‘Eotw 6T n (1) éxel aképaia Abon p. Tote: ap® + Bp +y = 0.

Alakpivoupe dUO TTEPITITWOEIG:

ap® = (mepittog) MapTiog) = delogB
a) p = dpmiog. Tote: Bp = (mepitrog) aptiog) =dpriog 0 O
Y = TIEPITTOQ %
ap? + Bp + y = TePITTAG, GTOTIO, apoU ap? + Bp +y = 0 = GpTIOG.

ap® = (mepittég) Mmepittog) = nspmég%

B) p = mepimTdg. Tote: Bp = (mepittdg) [mepintog) = mepirtog O O
y = TePITTOC E

ap? + Bp + y = TEPITTOC, ATOTIO, apou ap? + Bp +y = 0 = GpTIOC.

Apa n eCiowon dev €xel akEpaia pila.

3) Na amodeixBei 611: 20Ha — B)(B — Y)(Y — a) yia 6Aoug TOUG aKEPAIOUG
a, B, v.

ATMNOAEI=H:

ATT6 Toug aképaioug a, B, y dUo TouAdxIoToV gival GpTiol 1) U0 TOUAAXI-
OTOV Eival TTEPITTOI.

H Slagpopd Twv dU0 auTwv akepaiwy gival apTiog (mporaon 2 1 mpdoracn
6), oTTOTE TO YIVOUEVO TNG Bla@opdg auThg (TT.X. TNG (a — B) £TTi TO YIVO-
pevo (B — y)(y — a) gival apTiog (mporaon 3 i mporaon 11).

Apa o€ kaBe TrepirTwon 20(a — B)(B — y)(y — a).
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Agixvoupe Twpa £va TPIK PE KEPUATA, TTOU OTNPICETAlI OTIG TTPOTACEIG TTOU
AVOPEPQIE.

‘Eva
E€utrvo
TPIK

TorroBerouue Tavw aTo TPATTéECI OTTOI0ONTTOTE APIBUO KEPUATWYV, AA-
Aa ue own kepaln kai dAAa ue éwn ypauuara.

Merpdue 1Ic KeQaAéc kai Ta ypduuara (apkei uévo 1o éva mANRGoC,
T.X. METOAUE TIC KEQPAAES).

Znraue amro évav @iAo uag va avarrodoyupilel Ta KEQUATA EVNUELW-
VOVTAC uag yia KaBe yupioua e tn Aéén: "yopioa”.

Mrropei va avarrodoyupioel ooadnNiToTe KEPUATA, OTECONTTOTE POPEC
10 KaBéva, e ormoiadnirore ocipd. Kard 1n didpkeia Twv yUpIoUATwY
Eueic €xouue oTpauuévn tnv TTAATN UAc¢ mEOS AUTOV, WOTE va unv
BAEmmouue 11 KAVEL

A@ouU ikavorroinBei o @iAdo¢ uac¢ amrd tov apiBud Twv yupioudaTwyv
Tou ékave, KpUBEl éva vouioua Katw amod tnv TaAdun tou Kai pag
{n1d va yupioouue mpo¢ autdv. Merpwvrag eueic Tov apiBud Twv
KepaAwyv, Bpiokouue TNV OWn TOU KOUUUEVOU VOUICUATOC.

H €€ynon Tou mapatmdvw TpIK gival atTAf Kail yivetal ge BAaon TIG TTPOTACEIG
TTOU AVOQEPAE.

Ag utToBé00UpE TT.X. OTI 0 APXIKOG APIBPOS TWV KEQAAWY cival 8 (ApTIog) Kal
o1l €yivav 17 yupiopara.

Me kGBe yUpioua o apIBPOG TwY KEQAAWY QUEAVETAI 1] MEIWVETAI KATA ia,
dpa atod ApTIoG yiveTal TTEPITTOC, ATTO TTEPITTOS YiveTal APTIOG K.0.K. ETToué-
VWG UE GPTIO apiBud YupIoPATWY O aplBPdS Twy KEQAAWY Ba TTapapeivel
ApTIOG, EVW WE TTEPITTO APIBUO YUpIoUATWY Ba yivel TTEPITTOC.

‘Eto1, ye 17 yupiopata o apiBudg Twv KepaAwyv Ba eival TepITTdg. Av Aol-
TTOV PETPWVTAG BPOUNE APTIO aPIBUO KEQAAWY, TO KPUHPUEVO KépPa gival
"KePAAR", EVW av JETPAOOUUE TTEPITTO APIOPO KEPAAWY, TO KPUUUEVO KEPUA
Ba cival "ypauuara”.

AvAAoyo OKETITIKO UTTOPEI va XPpnoIuoTToinBei oe KABe TepiTTwaon. Agrivou-
ME TOV avayvwaoTn va TTEIPAPATIOTE JOVOG TOU.



64 Iep1061kn €k8oon 10v napapriparog E.M.E. N. HpaOiag

IXETIK& pE TIG EQamTopéveg
[pagikwv MapaocT&oewv ZVVAPTACEWVY

H TPWTN ETTAQPA HYE TNV €QATITOMEVN TNG YPOAQPIKNAG TTapdoTacng MIOG
ouvaptnong f divel Tnv evilTTwon OTI n epatrTopévn (€) kai n Cy £xouv
éva pévo kolvo onueio. Mia KaAUTEPN MEAETN OUWG OTTOOEIKVUEI OTI N
gpatrTopévn NG C; PTTOPED va €XEl YE TNV KO- R
MTTUAN TrEpIoooTEPa ammod éva kKoivd onueia. Ei- Y C, (e)
val €UKOAO VO KOTOOKEUAOOUME YPAQIKA IO
TETOIA KAWTTUAN. -
2710 dITTAavO oxAua 1, n epaTtTopévn (€) €XEl UE
pe Tnv C; dUo Kolva onueia.

A\

Lo 1
Anuioupyeital To EPWTNUA:
"Mropei n () va eparmrerar ue tnv Cy 0€ TTEPIOOOTEPA ATTO Eva onueia,”

H amavinon eivar Al KaTa@aTikh, a- a /
@OU PTTOPOUNE VO OXEOIACOUNE HIa Ka- ()
MTTUAN TTOU va gival ypa@ik mTapdoTa-
on ouvapTnong Kal va €QATITETAI OF
Miav euBeia o€ OUO SIOPOPETIKA onuEia X
(oxnua 2). Sy 2

Av Bswpriooupe pahiota TNV f(x) = NPX, N €uBgia y = 1 €QATITETAI PHE QUTAV
o€ ameipa onueia (oxnua 3).

v

ylk
1 y=1
/_zng : ﬂ:\/Zn 3\/;
-1
y =nux
ZyMua 3

Av Twpa doB¢i pia ocuvdptnon f, TTWG PTTOPoUV va BpeBolv ol eubgieg TTou
gpartrovral ue TNV Cy o€ TEPIOOOTEPA ATTO £va ONpEiQ;

To Trapakdtw apbpo Tou cuvadeApou pnydpiou KwoTdkou divel Tov TpO-
TTO EUPECNG TETOIWV EQOATITOUEVWIV.
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NMPOBAHMA:

A6 OAeg TIG E€QATITOUEVEG €UBEiIEG OTNV YPOPIKN TTApAoTOON

. _In(x?) - . . .
NG ouvdpTNONG ‘f(x)_T’ va BpeBoUv eKeiveg TTOU EQATITOVTAI
o€ SU0 SI0QPOPETIKA OonUEia 0TV YPAPIKA TTOPAOCTACH TNG CUVAP-
TNong.

Kwordkog pnyopiog,
Ma6nuarikég, Abrnva

AYZH:

0 2O O 2
‘EoTw dUO onueia AEt, WH Kal BHU, % , t#£u, TNC YPaYIKAG TTa-

In(xz).

pacTaong Tng ouvdaptnong f(x) =
TOTE 01 €I0WOEIG TWV AVTIOTOIXWY EQATITOPEVWYV €UBEIWV givarl:

(42 _1n(+2
.2 Itr21(t ) -2 Itr21(t )m+|n(ttz)

o 0) 22y

- 2 2)_ _ 2 2) _
=2 |r21(t ) 5 4 200(E)-2 . =2 In2(u ) 5 4 2M(u?) -2
t t u u
MNa va tauTtiCovtal o1 e@amTOueveg eubeieg TTPETEI va £Xouv D10 ouvTeEAE-
o7 d1evBuvaong kai 610 oTabepd 6po, dnAadn:

— 2 _ 2 2) _ 2) _
2-n(t*) _2-n(?) g ., 20()-2_2m)-2 o
t2 u? t u
2-In(x?)

MNa Tov ouvteAeoTn dielBuvong A(x)=f'(x) = 5 TTPOKUTITOUV:
X

2y_
A(x)=f"(x) :M

EVW €vag TTivakag METABOAAG eival:
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X |-00 —eJe —e 0 e eJe *®
Nl — 0 + + - - 0 +
A - - 0 + + 0 - -
MRS AN NS
O.E. O.E.
Mivakag 1

H ouvdptnon A rapouciddel oAiké eAdxIOTO OTa onueia:

X =-eJe Kal X =ese peg eAdyiotn TIuA TNV )\(—e\/g):)\(e\/g):—%.
e

Emiong o dfovag xx' eival opidvTia acUPTITWTN TNG ouvdaptTnong A OTIG
TTEPIOXEG TOU —00 KOl TOU +00,

Etropévwg, kai atrd Tov TTivaka 1, TTpokUTITEl OTI:

A(X) <0, yiakdBe xOfwo - e)] (&0 ), evw

A(x) =0 viakade xOf e, 00 (0,e].

a) O1 AUoeig TG egiowong A(X) = a, alR, oTo [—e,O) D(O,e] eival duo,

Adyw TNG PovoToviag Kal Twv TIHWV TG ouvdpTnong o' autd To dIdoTNUa,
Kal MadAIoTa, avTiBeTeg agou n ouvdpTnon A givai dpTia.

loodUvapa, ol Aboeig Tng eCiowong @ eival givai oi t =—u kai t = u.
Emropévwg n egiowon @ yiverai:

2mh(t2)-2 _ 2mH-t)’H-2 _ mh(2) -2
t N -t t
In(t?)=lne < t2=ze < t=-Je kai t=+e.

=0 - In(t¥)-1=0 -

Emeidnt#u, yia t=—-Je kal u =e, TIPOKUTITOUV Ol EQATITOUEVEG €UBEIEG:
y —1x Kalr 'y —1x
ke e

EtToupévwg pia atrd Tig nToupeveg eubeieg eivain y = 1x :
e
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B) i. MNa k&Be xO(ef « ), n egiowon, A(X) = a, alR, amd rov mivaka 1,
TTPOKUTITEI OTI £XEI TOV TTOAU OUO AUCEIG.

‘EoTw 611 uttép)ouv t, u 0TO (e, + ™),

2-In(t?) -, , 20n(t?)-2
2 t
O In(t2)C O In(u)p

Kal ota dUo onueia A, 0 kau BOu,———H]1, t<u.
O O 0 u [

woTe n eudeia: y, = X

va eQATITETAI

Tote ammd 10 Oewpnpa Méong TiuAGg yia v TTapaywyioiyn ouvdptnon f,
_fW-r5®

uttdpxel xo(t, u), TéToI0 WOoTe va 1oxve: f(x,) = t
u —

- 2 2)_ _In(+2 2) _
2 Lr;(t)m+2ﬂ]1(’f[) 2 2 Lr;(t)[“z[m(tt) 2
A(xo)= -

A(x) = - A(xo):2‘+2(t2) -

Au) =2 () =A (o) :2‘+2(t2), groo.

Apa dev uttdpxel euBeia epatrtouévn o€ dUo onueia t, u oTto dlACTNUG
(e,+ ).

ii. 'Eotw tO(e,+ o). ToTE 116 TOV TTAPAKATW TTiVAKA

X|-00 —e —1 0 1 e +00
f- - 0 + - 0 + +
Al - 0 + + + + 0 -

TIPOKUTITEI OTI €TTEION OTO JIACTNHA (€,+ ) n KAion A(X) TNG €QATITOUEVNG
gival apvnTiky Kai ol TINES f(X) TNG ouvdApTnoNng f BETIKEG, N epaATITOPEVN

, .0 (@) , , , ,
euBeia o010 Onueio AEI, % Ba Tépvel Tov dova x'xX oTOo BIAOTNUA

. . . . 0 n(w?)o
(e,+ ), evw, av Ba e@ATTTETAI KOI O0€ £€va deUTEPO OnEio BEU, %
u
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ulfe ,0]0 (0,ef T6Te yia QUTO TO ONuEio Ba TTPETTE! va IoXVer: f(u) > 0.

0 In(u?)0
u

AuTo 6uwe ouuPBaivel yévo yia Ta onueia B Eu E pe u(-1, 0).

O 2
Opwg n  kAion A(x) TG gpatmTouévng euBeiag oTa onueia B 1In(u )
u

O
0O

, , , , 0 in(t2)0 |
uld(—1, 0) cival BeTIKA KaI N €QATITOPEVN €UBEia OTO AEt, % EXEl apvn-

TIKA KAion kal &ev PTTOpEi va gival eQaTmTopévn o€ KATToI0 amd autd Ta on-

0 in(u2)0
ugia B, n(u )D, utl(-1, 0).
N u

Apa, yia tl(e, +0), dev UTTApPXEl euBeia eaTtrTouévn ae dUO onuEia TNG ypao-
QIKNG TTapACTaoNG TNG ouvaptnong f.

yA

v

y) Etreidn n ocuvdaptnon f cival TepITTA, Ohoiwg atrodeikvUeTal
o1 yia t(—, e) dev uttdpxel €uBcia epatrTopévn o€ OUO onueia TNG ypagi-
KAG TTapdoTaong Tng ouvaptnong f. =
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21poyn AlavOOHATOG
"‘Evag XPAOIHOG HETAOXNHOATIOHOG

Aepyladéc Nik6Aaog
KaOnyntic Ma@nuaTtikwv
MeipapaTtikod ZxoAciov I1.0.

/.

M I TTPGEN oTa dlavUoUaTa TToU gival TTOAU XProIUnN OTN YEWUETPIa Kal
n otroia Ba ptropouce va avagépetal oTa oXoAkd BIBAIa xwpig TuuTTa-
VOKPOUGieg kal TTOAUCENIDEG BapUydouTtreg Bewpieg eival n oTpoen diavu-

oPaTog.

2UYKEKPIMUEVA Qv TTEPIOTPEWOUNE TO ETTi-
medo yupw amd éva onueio tou O kartd
ywvia @ (n de€i6oTpoen Kivnon eival n ap-
VNTIKA) Kal TTAPOUPE yia To didvuoua d
£éva Tuxaio avTITTpOCoWTTO BF kai Tov ou-
VYKEKPIMPEVO  avTITTPOCWTTO OA T161E TO
mapaAAnAdypaupo OAIMB petaoyxnuartile-
Tal oTo TTapaAAnAdypapuo OA'T'B” dnAao-
0N 0 TUXaiog avTITTPOCWITTOG Bl Tou eAeU-
Bepou SlIavUOUOTOS O PETOOXNUOTI(ETON O€

Sidvuoua BT =0OA’ omou 1o OA’ eival
éva oTaBepod diIAvuoua yia TN ywvia @ Kal avTITpOowTTog £VOG CUYKEKPIMME-
vou eAeUBEPOU BIAVUCHATOC O .

Apa n oTpoen evog diaviopaTog Katd ywvia ¢ sival pia (1 mpog 1) cuvdp-
on Fy KAAWG opiopévn 0To OUVOAO TwV EAEUBEépwY dlavuoudTwy Kal I-
OXUEl:

Fo(G)= a Kabug emiong kal Fy(AG) = Aa’ pe A TTPayHOTIKO.

Emri TAéov 8¢ av OB eivail évac avTIipOowTToC Tou diaviouaToc B 1oXUEr:
Fo(G+B)=Fg(OA+OB) = Fy(O ) = OF" =OA’ +O0B’ =Fy(a) + Fy(B)

Autl N 1016TNTA, TTOU PETAPPACETAI OTO OTI, yia va oTpéWw éva didvuoua,
apkei va oTpéww U0 N TTEpIocoTEPa AAAa diavUiopaTta TTou atmoTeAoUV ou-
VIOTWOEG TOU, €ival XpNOINOTATN OTN YEWMETPIO OTTWG QaiveTal Ao TIG TTO-
POAKATW YEWMETPIKEG AOKAOEIG.
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AZKHzH: Xe KUKAO kévipou O, Traip-
voupe 6 Siadoyxika onueia A, Ay, As,
A4, As, Ag. AV TO T6§G AA, AsA, AsAg
gival 60° va deixBei 611 Ta péoa P, Q, R
TwV Xopdwv A A; AAs, AgA; eival
KOPUPEG I00TTAEUPOU TPIYWVOU.

ATTode1gn:

Av Fgo €ival 0 HETAOXNUATIOPOG TTOU TTPO-
KaAei aTpogry 60° , yia va deifoupe OTI TO

PQR eivail 106TTAcupo apkei va deifoupe OTI: PR = Fso(@)

Etreidn ta P, Q, R cival péoa xopdwv kal Ta Tpivwva OA1A2, OAzA,, OAsAs
givar 1I00TTAeupa Ba £XOUE:

AA; + AjAg = (AP +PR+RA,) +(A,P +PR +RA;)

= (AP +PR+RA|) +(-A,P +PR -RA,) = 2PR,
Ouoiwg, OA, + OA, =20P, OA, + OA, =20Q
kal  Feo(OA, )= A A, Feo( OA5 ) = OAg,
Feo(OA;)= A/A,,  Feo(OA;)=0A,.
Apa,
Feo(PQ) = Feo (OQ —OP) =

Feo (OA, + OA; ) —— Feo(OA, + OA;)

N[ =
N[ =

(AsA, + OAg )-%(A1A2 +0A,)==(A;A; +AA;)=PR. B

1 1
2 2

MPOBAHMA 2457  (tou mepiodikod Crux Mathematicorum Tng Kavadikiig M. E.)

Ze TeTpatrAgupo ABCD, éxoupe A + OB = 2a <180° ka1 BC = AD.
Kartaokeuddoupe 1cookeAn Tpiywva BCI, ACJ, kau DBK, 6mou 1a |, J
kal K BpiokovTal og oxéon pe 1o A amrd Tnv dAAn pepid tng CD, w-
ote: LICD =[IDC = [JJAC = [1JCA = [1KDB = [1KBD = a.

a) Acigre 6miTa |, J, K gival ouveuBeiakd.
b) E&erdoTte TWwg eival ToTroBeTNUEVA OTNV EUBEiQ.
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ATrodeign:
Av n oTtpo@r] katd ywvia 180 - 2a # 0 civai
I 1 o) pemoxr]ianopig F, 161!
F(JA)= JC
F(ID)=1IC
F(KD) = KB

F(DA)= CB dpa

F(IJ) =F(ID+DA +AJ)=
A B = F(ID)+F(DA) - F(JA)
=IC+CB-JC=B-IC+1J

F(IK)=F(ID + DK)=F(ID)-F(KD)=IC —KB =1IC — IB + IK
Kal ue TpdoBeon KaTé YEAN TTPOKUTITEL
F(+IK)=J+IKRIJ+IK =0,

TO OTroio anuaivel 61 Ta onueia J, |, K gival guveuBelakd kai o1 1o | €ival To
Méoo Tou TuRuatog JK. |

2xoAia ouvrakrn N. lwoneidn:
Ayarnté @ihe Niko Agpyladg,

TO GpPBpOo oou e €EETTANEE €TTEIdA N TTPWTN AOKNON TTou AUVEIG PE OU-
VTOMOTATO KAl KOMWOTATO TPOTTO, £XEI VIO MEVA MIA IOTOPIA.

MNipw oTo 1970-75 cixe KUKAOQOPAOEI N doknon auTr, Kal 0 TPOTTOG AU-
ong ™G ATav BUOKOAOTATOC. 20U {RTNoa TOTE va TN AUCEIG KAl JOU £0TEIAEG,
av Bupaaoal, P TPIYWVOUETPIKNA atTodEIgn.

EkT16¢ TnG OIKAG oou AUONG Kal auTAg TTou KUKAOQOpNoeE, dev €xw OEl
AAAN. Me Tnv eukalpia autr TTAPOBETW TN YEWMETPIKI AUCN TTOU KUKAOQO-
pnoE.

ZnTdue atrd Toug avayvwoTeG Tou AMOAAQNIOY va aoXoAnBoulv pe Thv
amodelgn TnG Aoknong AutAg. XTa eTTéUEVA TeUXn Ba dNUOOCIEUOOUUE TIG
AUoe€IC TToU Ba pag OTEIAETE.
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NMPOBAHMA:

AD - o A = o = = (] A
RIS, [Fensalsy (22 =0 % 0 KAM:1o61mAgupo
A M, K péoa Twv xopdwyv ZA,BI', AEF

ANOAEI=H:

60° 60°

A 60°
‘Eotw H, © péoa twv OZ, OT.
Téte AH // OA, MO // OB dpa APM =0 =AOB =60°.

OEZ 106mAeupo 0 a = 30°, EHOK eyypawipo 8161 OHE = OKE = 90° -
paa’ =a=30°

Ouoia OKA® eyypdyipo O B =B = 30° (B = 30° Adyw TOU I0OTTAEUPOU
Tpiywvou OlA). Apa a” =" = 30°.

OKOEA kai EA // ZT (81611 EZ=FA) 0 OKOrz 0 OKOH®.

210 Hl?@ n OK gival di1xoTéU0G Kal UYog,

apa HI?@ I000KEAEG [ KHA =KOM.

Twpa, KHA =KOM 81611 KH = KO, AH = M@ﬁ:%ﬁ ka1 KAA =KOM,
apa KA = KM kai K1 =K.

Opwe HKO =60° dpa AKM =60° kai To KAM eival Io6TAEupo.



ATMOAAQNIOE 1. 1o 73

Oépata Mpoaywyikwv E¢erdoewv 2002
Eviaiou Aukeiou
ota Ma@nuarika

e1dr o1 MNaveANadIkéG e¢eTdoelg TTANCIAOUV Kal UTTAPXEI MEYAAO €v-
dlapépov TwV PadnTwy yia Ta BEUATA TV TTPONYOUHEVWY ETWYV, BEw-
PrioapE OKOTTINO va TTApaBECOUNE Ta BEUATA TWV TTEPUCIVWV EEETA-
oewv o1a MadnpaTtikd Tng B” kai '™ Aukeiou.
Aev Ba dwaooupe 1ic AUoeis Toug géaitiac Tou peydAou ueyé8oug Tous Kai ETTEIdN Ol
uabnrég ummopouyv va i fpouv EUKOAQ.

NPOAIQriKEZ EZETAZEIZ B TA=ZHZ ENIAIOY AYKEIOY
2ZABBATO 8 IOYNIOY 2002
EEETAZOMENO MAOGHMA INENIKHZ NMAIAEIAZ: AATEBPA

OEMA 10

A. Na atmodei¢eTe 0TI TO UTTOAOITTO U TNG dIaipeONS EVOG TTOAUWVUNOU P(X)
ME TO X — p gival ioo Pe TNV TIYA Tou TToAUwvUPoU yia X = p. Eival on-
Aadn u = P(p). Movadeg 9

B. Na xapakrnpioere 11¢ mPOTACEIC TTOU akoAouBouv, ypdeovrac oTo Te-
104016 oac TNV Aéén ZwoTto 1 AdBog SiTTAa oTo ypduua Tou avrioTol-
XE&i o€ KGBe TTPdTAON.
a. e=0 < InB=x , 60
B. Av a>0 pe a #1, T0TE yIa oTToloUadNTTOTE B4 , B, > 0 10X UEL:
|qu(9192) = Iogae1 Dogaez
2epa

. EQ20= ———
V. @ 1 + e¢’a
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5. nula = 1-ouv2a
2
€. g(p(a_B) = M
1 - epa e
Movadeg 10
. [oéte pia akoAouBia AéyeTai:
a. apIdBunTIKn TTP60d0G;
B. YEWMETPIKA TTPOODOG;
Movadeg 6

OEMA 20
AivovTal o1 apiBuoi a; = guv2a, o, = ouv?a, oz = 1, OTTou n ywvia a Ikavo-

] . m
Trolgi Th oxéon 0 <a< >

a. Na armodeigete 0TI auToi o1 apIBuoi, ue TN O€IPA TTou divovTdl, ATTOTE-
Aouv d1adoyIKoUg 6poug apIiBuNTIKAG TTPOOGd0U. Movadeg 7
Na Bpeite Tn dlagopd w AUTAG TNG TTPOOdOU. Movadeg 8
Na Bpeite T0 dBpoICHa TWV TTEVTE TTPWTWYV OPWV TNG TTPOOd0U.
Movadeg 10
OEMA 30

AiveTal To TTOAUGWVURO P(x) = kx® — (k + A)x® + Ax + 1.

a. AvP Lo 7 P(1) = 23, va amoBeicere 611 k = —6 Kkai A = —5.
H 24
Movabdeg 8
B. Na yivel n diaipeon Tou P(x), yia k = =6 kal A =5, pe 10 TTOAUWVUUO
2x + 1 ka1 va ypagei To P(x) ye Tnv tautétnta NG EukAcideiag diaipe-
ong. Movadeg 8
Y- Na Aubei n aviowon P(x) > 7 yia k = -6 kai A = -5. Movadeg 9
OEMA 40
. . Oe* -10
Aivetal n ouvaptnon f(x) =Ing——p.
0" +50
a. Na Bpeite To TEdi0 OpIGPOU TNG f(X). Movadeg 5
B. Na Avoete Tnv e€iowon  f(x) = 2In2 . Movadeg 10
Y. Na AUoete Tnv aviowon  f(x) > 0. Movadeg 10
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NMPOAIQriKEzZ EZETAZEIZ B TAZHZ ENIAIOY AYKEIOY
2ABBATO 1 IOYNIOY 2002
EZEETAZOMENO MAGHMA I'ENIKHZ MAIAEIAZ: TEQMETPIA

OEMA 10
A1. Na armodeicete 611 To €uBadodv Tparreliou IcoUTal JE TO YIVOUEVO TOU
NUIaBpoioPaTOg TV PACEWV TOU £TTi TO UYOG TOU. Movadeg 10
A2. Na xapakrnpiocere 11¢ TPOTAOEIS TTOU akoAouBouv, ypaovriag aTo Te-
104016 oag N Aé€n "Ewaoro” 1 "AdBog" dimAa oTo ypduua mou avri-
oToIXEl O€ KABe TTPdTACN.
a. To P sivar egwtepikd onueio Tou kUkAou (O, R), av kal yévo av
Ao >0, OTOU A, o N S0VaN TOu oNueiou P wg TIpog Tov KUKAO
(O, R). Movada 1
B. e kdbe Tpiywvo ABI 1oxUel n icoduvapia:
o? < B2+ vy av Kal pévo av A < 90° . Movada 1
y. To gupaddv E kabe Tpiywvou ABIT divetal atmmd Tov TUTTO:
E= %aBan. Movéida 1
8. Xt kUkAo (O, R), 1o guBaddv E kukAikoU Topéa W divetal amd Tov
2
romo E=TRH Movéda 1
180
€. To 10 Bewpnua Twv dlapécwy o€ KGOt Tpiywvo ABIT ekppdletal -
2
6 Tov TUTTO: B2 +y? =207 +“?“. Movada 1
B. a. Na eyypagei kavoviké e€dywvo o€ KUkAo (O, R) kal va atmodeifeTe
OTI As = R, OTTOU Ag N TTAEUPA TOU £AYWVOU. Movadeg 6
B. Na amodeiteTe 0TI ag =R—\2/§, OTTOU O TO ATTOOTNUA TOU EGAYW-
VOu. Movabdeg 4
OEMA 20

Aivetar Tpiywvo ABIT pe mAgupég a, B, y kal didpeco AM = pg. Av IOXUEI N

2

, a
oxéon 2y -By =

a.

B.

va omrodeifeTe 6T a? = B2+ y2 — By, Movadeg 15

va UTTOAOYIOTE N ywvia A. Movadeg 10



76 Iep1061kn €k8oon 10v napapriparog E.M.E. N. HpaOiag

OEMA 30

210 OXAMa TOU aKoAouBgi, diveral
KUkAog (O,R) diapétpou BIN kal ni-
euBeia Bx Této10, waTe n ywvia [Bx
va eival 30°. ‘EoTw 011 n Bx Téuvel Tov
KUKAO oTo onueio A. ®époupe TNV e-
@aTTopévn Tou KUKAou oTto [, n o-
Troia T€uvel TN Bx oT1o onueio P.

Na atrodeieTe OTI:

a. Ar=R.
8 (PBI) _ A
(PAI)
Y- PIr = —ZR\E
3
OEMA 40

30

Movadeg 5

Movadeg 10

Movadeg 10

2T0 OoXNua TTou akoAouBei, og TeTpdywvo ABIA TTAeupdag 7 cm, eyypa@oulE
TeTpdywvo EZHO €101, wote: AE=BZ=TH=A0 =3 cm.

A H

AN
N b

()

A E

r

a. Na BpeBei To euPadov Tou TeTpaywvou EZHO. Movadeg 5

B. Na utrohoyioete T0 guPadOV Tou Tpiywvou EBZ kai va atmodeigete 611 n
AKTiva TOU gyyeypaupévou KUkAou (A, p) oTo Tpiywvo EBZ givai

p=1cm.

Movadeg 12

Y- Edv (K, R) givai 0 gyyeypappévog KUKAOG oTOo TeTpdywvo EZHO, va
uttoAoyioete T0 Adyo Tou eufadou Tou KUkAou (K, R) TTpog 10 eupadov

Tou KUKAou (A, p).

Movabdeg 8
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MPOAIQriKEZ EZETAZEIZ B° TA=ZHZ ENIAIOY AYKEIOY
MEMMNTH 6 IOYNIOY 2002
EZEETAZOMENO MAGHMA OETIKHZ KAI TEXNOAOIIKHZ
KATEYOYNZHZ : MAGHMATIKA

OEMA 10

A.

Ti ovopddoupe E0WTEPIKO YIvOuevo dUo dlavuoudaTwy a, B.
Movabdeg 4

Na ammodeigete OTI TO EOWTEPIKO yIVOPEVO dUO dlavuoudTwy gival ico
ME TO ABPOIoUA TWV YIVOUEVWY TWV OUWVUHWY CUVTETAYHEVWY TOUG.
Movadeg 9

Na yapakrnpiosre 1i¢ TPOTACEIC TTOU aKOAouBoUv, ypdpovrag oTo Te-
TpAdI0 oag Tnv £vdeién 2woTo N AdBog OitTAa oTo ypduua 1mou avri-
oToIxEi o€ KGBe mpdTaAON.

a. ‘Eva diavuopua kal pia euBeia, av éxouv Tov idlo ouvteAeoTH OlEU-
Buvong cival TTapdAAnAa.

B- Av det (d, B) gival n opifouca Twv dIAVUCPATWY @ , B, TOTE I-
oxUel n iIooduvapia: &/ B < det (a, B) =1.
y- Av qa, B cival BeTikoi aképaiol, TOTE TTavTa IoxvUelalBl, B] = (a, B)

étou [a, B] €ival To eAdxIOTO KOIvO TTOAAaTTAGOIO Twv a, B kai (a, B)
gival o P€yIoTog KOIVOG dIaIpETnG Twv a, B.
5. Hegiowon x? + y> + Ax + By +I' = 0 pye A%+ B2— 4T > 0 TrapIoTavel
. . O A BO
KUKAO pe KéEvTpo Kr—, ——.
M p B’ > ZB

Movadeg 8

21N ZTAAN A divovTal €§I0WOEIG KWVIKWY TOPWY Kal oTn XTAAN B €¢I-
OWOEIG EPATITOUEVWV KWVIKWY TOPWV OTO CNUEIO ETTAPAG (X1,Y4).

Na ypdyere oro 1e1pGd16 0ag 10 ypduua tng LTAANG A kai dimAa o€
KGBe ypduua, Tov apiBud ¢ LTAANG B Tou avriaToixei mavia oty ow-
ot efiowon paTmTouévng.
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ZTAAN A 2TAANn B
a. X +y*=p? 1. Yy =p(X +xq)
2 2
. X +Y -4 2. xxq+yy;=p°
a” B
. 2 = 20X 3. & + M =1
Y- Y p e B2
Xy
5. ?_B__1 4, xxq+yy; =1
XX YY1 _
S ow Ty o F
XX YY1 _
6. — -2 =1
q2 B2
Movabdeg 4
OEMA 20
A. Na ammodeitete 611 TO yIVOUEVO SUO TTEPITTWV AKEPAiIWV apIBuwv gival
TEPITTOG AKEPAIOG APIBUAG. Movadeg 5
o N , afa®+1)
B. Na amodeitete 0TI av 0 a gival aképalog, TOTE Kal O gival aké-
palog. Movadeg 10
] ) ] ) ) a(a2 +1) ]
. Av o a cival TepITTOG aKEPAIOG, va aTTodEiEETE OTI O givai
€TTiONG TTEPITTOG AKEPAIOG. Movadeg 10
OEMA 30
Aivetar n rapaBoAn y? = 4x. Na BpeiTe:
A. Tnv eoTia kai Tn dieuBeToloa TNG TTAPABOANG Movadeg 6
B. TG euBcieg TTou diEpxovTal atrd TNV €0Tia TNG TTAPABOANG KAl ATTEXOUV
ato TNV apxA Twv agdévwy amdéoTaon ion Ye 72 Movadeg 10
. v efiowon TG epamTouévng TNG TTAPABOANG TTou gival TTapaAANAn

oTnv euBeiay = x — 1. Movadeg 9
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OEMA 40

Aivetal n e€iowon x* + y?— 2xouve — 2ynué —1 =0, 0 <6< 2.

A.

Na amodeicete o011 yia kGBe B n e€iowon autr) TTapIoTAvel KUKAO, TOU
OTTOIOU VA TTPOCBIOPICETE TO KEVTPO KAl TNV OKTIVA. Movadeg 9

Av © =g, va Bpeite TNV €€iowaon TNG €QaATITOPéVNG TOU KUKAOU OTO
onueio M(1, 2). Movadeg 9

Na atrodeigete OT1 yia TIG DIGPOPES TIMEG TOU B TA KEVTPA TWV TTAPATTA-
VW KUKAwV BpiokovTal g KUKAO pe kévipo O(0, 0) kal akTiva p = 1.
Movabdeg 7

AMNOAYTHPIEZ EZETAZEIZ " TA=HZ ENIAIOY AYKEIOY
TPITH 28 MAIOY 2002
EZEETAZOMENO MAGHMA IENIKHZ MAIAEIAZ:
MAOHMATIKA KAI ZTOIXEIA ZTATIZTIKHZ

OEMA 10

A.

B.1.

B.2.

Ac uttoBégoupe OTI X4,Xa,...,Xk €IVl OI TIUEG MIOG METAPBANTAG X, TTOU
agopd Ta dtopa evog deiydaTog YeyéBoug v, O6tTou k,v un pndevikoi
QUOIKOi apIBpoi pe k < v.

a. Tiovouddetal atrOAUTN CUXVOTNTA Vi, TTOU AVTICTOIXEI OTNV TIUA:
Xi,i=1,2,....k; Movadeg 3

B. Tiovopdadetal oxeTikr) ouxvoTtnTa fi TNG TINAG X, i = 1,2,...,K;
Movabdeg 3
y.- Na amodeiere oI

) 0<fi<1 yiai=12,...k

II) fi+fo+ . +f=1.
Movadeg 4

MNa otmroladATToTE aCUPBiBacTa PETALU Toug evdexdueva A, B evog
delypaTikou xwpou Q va atodeicete 611: P (AOB) = P(A) + P(B).
Movadeg 8
a. Na dwoete Tov KAAGIKO 0pIGUO TNG TBAVOTNTAG VOGS EVOEXOUEVOU
A KaTTOI0U dEIYMATIKOU Xwpou Q. Movadeg 5

B. Na dwaoeTe TIG APIBUNTIKEG TIMEG TWYV TTAPAKATW TTIBAVOTHTWY:
i) P(Q) i) P (O). Movadeg 2
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OEMA 20
Aiveral n ouvapTtnon f(x) = .
X +1
a. Na Bpeite To TEdIO OpPIGTUOU TNG ouvAPTNONG f. Movabdeg 4
B. Na utroloyioete 10 6plo limf(x). Movadeg 4
X -3
Na BpeBei n TpwTn TTapdywyog g f. Movadeg 7
Na BpeBouv o1 e@atTdueveg TG KAUTTUANG ThG cuvapTnong f TTou eival
TTapAGAANAeg oTnv eubcia y = 2x + 5. Movadeg 10
OEMA 30

‘Eva 1Tpoidv TTwAeiTal o€ 10 dIaQOPETIKA KATAOTANATA OTIG TTAPAKATW TIUEG,
o¢ Eupw: 8, 10, 13, 13, 15, 16, 18, 14, 14, 9.

ao. Na utroloyioete TN péon TIPA, TN dIAUECO Kal TNV ETTIKPATOUCA TIWA.
Movadeg 6

B. Na utroloyioete TO €UPOG, TNV TUTTIKA ATTOKAION KAl TOV OUVTEAEOTH
METARBOANG. Movadeg 6

Y- Av ol TIHEG TOU TTPOIOVTOG O€ OAQ TA KATAOTAMUATA UTTOOTOUV EKTTTWON
10%, va egetdoeTe av Ba peTaBAnOei 0 ouvTEAEOTAG HETARBOANG.

Movadeg 13
OEMA 40
‘EoTw A, B 000 evdexdueva evog deiyuatikol xwpou Q pe:
P(A) + P(B) # 2P(A n B).
AiveTal akdpa n ouvapTtnaon:
f(x) = (x — P(AOB))® — (x — P(AnB))*, xOR.

a. Na deigete 611 P(AnB) # P(AOB). Movadeg 5
B. Na &¢icete 611 n ouvdpTtnon f(x) TTapoucialel YEyioTo OTO OnEio:

= w Movdadeg 13

Y. Edv 1a evdexdueva A, B eival acupuBifaocTta, va dei¢eTe OTI:
f(P(A)) = f(P(B)). Movddeg 7
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AIMNOAYTHPIEZ EZETAZEIZ " TAZHZ ENIAIOY AYKEIOY
NMEMMTH 30 MAIOY 2002
EZEETAZOMENO MAGHMA OETIKHZ KAI TEXNOAOIIKHZ
KATEYOYNZHZ: MAGHMATIKA

OEMA 10
A. ‘Eotw f yia ouvexig ouvdptnon o' éva diaotnua [a, B]. Av G eival pia
TTapayouca NG f oTo [a, B], TéTE VO dEigeTE OTI: J’f f(t)dt = G(B) - G(a).
Movadeg 12
B.1. 'Eotw n ouvdptnon f(x) = nux. Na &¢igete o611 N f gival TTapaywyioiyn
oT1o R kai 1oxuel f(X) = ouvx . Movadeg 8

B.2. Na yapakrnpioere 11c TPOTACEIS TTOU akoAouBouv, ypdeovrac oTo Te-
TpA0I0 oag Tnv Evdeién 2woTo N AdBog OitTAa oTo ypduua mou avri-
oTolxei o€ KaBe mpdTaAaN.

a. Av n ouvdptnon f eival opiopévn oto [a,B] Kal cuvexng oto (a,pB],

161¢ N f Taipvel avrote 010 [a, B] pia péyioTn TIPA. Movada 1
B. K&Be ouvdaptnon, tou gival 1-1 oto 1Tedio opiopou Tng, €ival yvn-
Oiwg povoéTovn. Movada 1

Y- Av uttdpyel 1o 6plio TnG cuvdptnong f oTo Xo
Kau lim [f(x)| =0, ToTE lim f(x) =0. Movdda 1

8. Av n ouvaptnon f eival TrTapaywyiociun ato R, TOTE:

If(x)dx = x [(x) —Ix d(x)dx . Movdada 1
€. Av xlm, f(x) > 016T1e f(X) > 0 KOVTA OTO Xg . Movada 1
OEMA 20
‘Eotw z évag piyadikég apibuog kai f(v) =iz, vON*.
o. Na deigere o1 f(3) + f(8) + f(13) + f(18) =0 Movadeg 7
B. Av[Zz[Fp kaiArg(z) =06, va d¢cieTe OTI
f(13) = p%}uv (g+e)+inp (g+6)5 Movadeg 8

Y- Av [z[F 2 kai Arg(z) =g, va Bpedei To euPaddv Tou TPIYWVOU WE KO-

PUPEG TO onEia TOU PIyadikoU eTTITTEOOU TTOU €ival EIKOVEG TwV HIyadl-
KWwv apiBpwy 0, z kar f(13). Movadeg 10
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OEMA 30
‘EoTw o1 cuvapThoeig f, g ye medio opiopou 1o R.

AiveTal 611 n ouvdpTnon Tng ouvBeong fog civar 1-1.

a.

B.

Na d¢igete 611 n g givan 1-1. Movddeg 7

Na Seicete 611 n e€iowon: g(f(x) + x* — x) = g(f(x) + 2x —1) éxer akpIBG
U0 BeTIKEG Kal pia apvnTiKn pia. Movadeg 18

OEMA 40

a.

2 o

‘EoTw dU0 cuvapTAoelS h, g ouvexeic aTo [a, B]. Na atodeitete Ot av

h(x) > g(x) yia ka6¢e x O [a, B], TéTE Kal: J‘Bh(x)dx >Iﬁg(x)dx
Movadeg 2
Aivetar n Tapaywyioiyn oto R guvaptnon f, TTou IKavoTrolEi TIC OXE-

oeic: f(x)—e "™ =x-1, xOR ka1 f(0)=0.
i) Na ekppaaoTei n f* wg ouvdptnon Tng f. Movadeg 5

ii) Na d¢ei¢eTe OTI %< f(x) <x [@'(x), yla ka@0e x > 0. Movdadeg 12

iii) Av E eivail To gufaddv Tou xwpiou Q tTou opideTal atrd TN yPOPIKNA
TapaoTaon Tng f, TIg eubeieg x = 0, x = 1 kal Tov Agova XX, va Oei-

cete OTI % <E <%f(1) Movadeg 6

OAHIIEZ (yia Touc £€eTalOUEVOU

270 TETPABIO VO YpAWeTe NOVO TA TTPOKOTOAPKTIKG (NUEpoUnvia, kateuBuvan,
e€eTalduevo pddbnua). Ta BéuaTa va unv T1a avTiypdwere oTo TeTPAdIo. Ta
oxXAuaTa TToU Ba XPNOIYOTIOINCETE OTO TETPADIO, MTTOPOUV VA Yivouv Kal JE
MOAURI.

Na ypAWETE TO OVOUATETTWVUNO 0AG OTO TTAVW PEPOS TWV PUTOAVTIYPAPWY
MOAIG oag TTapadoBolv. Kauid GAAN onueiwon dev ETTITPETTETAI VA VPAWETE.
Katd Tnv armoxwpnorn 0ag va TTapadwoeTe Yadi ue To TETPABIO KAl TA QWTOA-
VTiypa@a, Ta OTToia Kal Ba KATaoTpapouUVv PETA TO TTEPAG TNG £££TACNG.

Na atravTrioeTe gTo TETPAdIO oag o€ OAa Ta BEuara.

Kd&Be Auon emoTnuovIKA TEKUNPIWPEVN gival aTTOSEKTH.

Aldpkeia g¢€Taong: Tpeig (3) wpeg PETA TN dlIAVOUR TWV QWTOAVTIYPAPWV.
Xpoévog duvaTrg ammoxwpnong: Miduion (1 1/2) wpa petd TN dlAVOUR TwWV
PWTOAVTIYPAPWV.

KAAH EMITYXIA
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lNMpoTelvopeveg
AOKNOEIG
MoOnuaTIKOV
A’, B, T" Aukeiov

POTEIVOUNE TTAPAKATW YIa AUCHN KATTOIEG QOKAOEIC atrd OAn TNV UAN
Tou Aukeiou. O1 aokAoeIg TTou épouv To GUPPBOAO X gival TTIo dUCKOo-
AEG KAl aTTaITOUV peyaAUTepn TTPOOTIABEIO yia TN AUCN TOUG.

2T€IATE pag TIG AUOEIG TwV AOKACEWV OTN dIEUBUVON ETTIKOIVWVIOG TOU TTE-
p100IKOoU (BA. O¢€A. 2). ZTeiATE HOG AKOPN TTPOTEIVOUEVEC QOKAOEIS yia AUon
(Madi pe TG AUoeig Toug). Ocol pag oTeileTe AUoEIG yéow EAT.A. | e fax,
oag TrapakaAoupe n Auon kéBe doknong va yivetal g EEXwPIoTO QUANO
XapTiou.

A~ N\ukeiov

A1l.

A2.

A3.

Na AuBei n e€iowon: 5x* + By? + 322 — 8xy — 4yz — 2zx = 0
lwoneidng Newvidag, Poitntii¢c Mabnuarikwy A.1.e.

Na Bpeboulv Ta Tedia opICUOU TWV CUVAPTACEWV:

3 1

a fxX)=———— xX)=r—
N x5 B 9 = L 0082
y) h (x) = X j/3 _: 22_X loAidomouAou Eua, Mabnuarikdg, Bépoia
X+3 -

Na egetaoTei TToIEG OTTO TIG TTAPAKATW CUVAPTACEIG £XOouv Agova CUW-
METpiag Tov y'y 1 KEvTpo cuupeTpiag Tnv apxn O.
a) f(x)=I|5-x|+5+x| -|x| B) g(x) = x** -2003x*? +2001
y) h(x)=Ix -2004f -|x +2004

loAidomouAou Eua, Ma@nuarikég, Bépoia

+A4.Na AuBei n aviowon: [x -|x —|x -1| | <2.

Kopdidou EAévn, Maénuarikog, Bépoia

*A5. Na atmrodeixBei 611 0 apIBPOg V2 +33 eiva dppnTog.

lwoneidng Nikog, Mabnuarikoég, Bépoia
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*A6. Na yivel yivouevo n TTapdoToon: (a2 —By)2 + (B2 —\(0()2 +(\(2 —0[3)2

2koridag Zwrrpng, Maénuarikég, Kapditroa

*A7. Na amrodeixBei 6T V2 +3 +5 >6 +/7

A8.

A9.

A10.

A11.

A12,

A13.

A14.

(Aixwg va uttoAoyioTOUV Ta V2,43 K.ATT.)
lwoneidng Newvidag, Poitntric Mabnuarikwyv A.f.e.

Na atrodeixOei 611 av duo Tpiywva ABIT kait A'BT” €xouv:

at+B=a +B,y=y Kal B=B , TOTE auTd €ival ioa.
Kourtridng @odwprngc, Mabnrig I’ Aukeiou, Bépoia

¢ Tpamédio ABI'A (AB // TA), n dixotéuog TnG ywviag B téuver Tn TA

oto E ka1 gival BE // AA. 'EoTw M 10 péoo Tng BE. Av AMA = 90°, va

atrodelxOei 611 To TPATTECIO gival TTEPIYPAWINO OE KUKAO.
Kopdidou EAévn, MaBnuarikog, Bépoia

2¢ Tpatreéfio ABI'A n didueocog cival ion ue Ta % NG MeYAAng Baong

AB. Av H ka1 © gival Ta péoa Twv diaywviwy Al kai BA, va atrodeixOei
o1 To HOTA gival TrTapaAAnAGypappo.
kaykouong BaoiAng, Malntrig¢ B’ Aukegiou, Bépoia

Aivovtal Tpelg opOKevTpol KUKAOI Pe kévTpo O, kai pia xopd AB Tou
MeyAAou KUKAOU, TToU QATITETAI OTOV HEaaio KUKAo. Or akTtiveg OA Kal
OB Téuvouv Tov peoaio KUKAO ota I kal A. Av n T'A €@dTmTeTal Ye Tov
MIKPO KUKAO, va atTodeixBei 6TI n akTiva Tou pJeoaiou KUKAOU gival pHéan
avaAoyog TwV dU0 AAAWY OKTIVWV.

Kaomapng Kworag, Malnrig I'” Aukeiou, Bépoia

Aivovtal duo oudkevtpol KUkAol (K, p) kai (K, 2p). Auo xopdéc AB kai
Al Tou peyaAlTepou KUKAOU e@AaTTTOVTal JE TOV PIKPO. Na atrodeixOei

Ot: a) BAT =60° B) H BI eparmTetal ye Tov KUKAO (K, p).
TaAAa Pévia, Mabntpia A Aukeiou, Bépoia
‘EoTw guBuypaupo TuApa KA péTpou a Kal To hégo Tou M. Ipdpoupe

TOUG KUKAOUG ﬁ< ﬁﬁ %@ E O KkUkAoG pe kévipo M Tépvel

TOUG KUKAOUG ue kévTpa K kal A ota onueia A, B, T, A.
a) Na amrodeixBei 611 Ta A, B, I, A gival kopupég opBoywviou.
B) Na utroAoyioToUV Ta PAKN TWV TTAEUPWYV TOU Kal TwV dlaywviwv
TOU WG OuvAPTNON TOU Q.
y) Na utroAoyioTei N ywvia Twy diaywviwy Tou.
KoupouuAidou Xpiortiva, Mabnrpia A” Aukegiou, Bépoia

Méoa og €va 1006TTAeupo Tpiywvo TTAeupdcs 1, uttdpyouv 20 onueia un
ouveuBelakd ava 3. AtodeifTe 0TI uTTApYXoUV dUO TOUAGXIOTOV Tpiywva
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ME KOPUQEG atTd Ta 20 onueia he TTEPIPETPO TO TTOAU ion pe 1.
lwoneidng Newvidag, Poitntii¢c Mabnuarikwy A.f.e.

*A15. Aivovtal duo opodkevTpol kKUkAol (K, p) kai (K, 2p). A6 onueio O ¢-
KTO6G TWV dU0 KUKAwV @Epvoupe Tnv epatrropévn OA Tou (K, p). H
KA 1€uvel Tov KUKAo (K, 2p) oto B kai To eubuypauuo Tunpa OK Té-
MVEl Toug dUo KUKAoug ota I kai A. Av n BH egivai n dixotéuog 1ng
ywviag B Tou Tpiywvou OKB, va atrodeixBei 611 T0 H BpiokeTal peTa-
¢u I kal A.

B” Aukeiov

B1. a) Bpeite Toug a,CR:

1.
B) Me Tn BonBeia Tng (1) va atrodelxBei ot
1 1 1 1 2003
—t—t—— 4.+ =
12 203 31 20032004 2004
loAidomouAou Eua, Mabnuarikdg, Bépoia

lwaoneidng Nwpyog, Mabnuarikog, Bépoia

1 . B

x(x+1):x X +1

Ko

(1), yia kGBe x # 0 Kal X # —

B2. ¢ Tpiywvo ABI 1ox0er: o’ =% +y? —By . Na ammodeix0si 6T
A o A o) — 1
np(A—45 )m]p(A+15 ) =2
AmAakidng lNdvvng, Mabnuarikog, Bépoia
B3. Aivetal n apibunTikr TPood0og (ay), VON .
a) AtrodeifTe OTI a1+ a5 =0 + Q4
B) Av ol 6pol TnG () gival BeTiKoi akEpaiol, OeiTe OTI:
a, +0d, =0, +d,
y) Avayp =0,
i) amodeifte 6T az + ay3=0
ii) Av ag + a4 = 4, va uttoAoyiaBei n diagopd TnNG TTPoddou.
Oappalidng Newvidag, Mabnuarikég, Kaoropid
B4. Av ot Tpiywvo ABI ioxuer: o® +B* +y* =8y, va BpeBei To €idog Tou
TPIYWVOU WG TTPOG TIG YWwVieg Kal va de1xOei Katétmiv OTI:

ouvB +ouvl :\/5 [duv B-T

AmAakidng lNdvvng, Mabnuarikog, Bépoia
B5. a) Na amodeixBei 611 uttdpyouv K, A, uOR:
8nu*x = K + AlGuv2x + plduvéx
B) ‘Eotw Tpiywvo ABI pe TAcupég a = 8k, B = —3A, y = 16p.
Na TpoodiopioTei TO €i00G TOU TPIYWVOU WG TTPOG TIG YWVIEG.
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B6.

B7.

BS.

B9.

B10.

y) Na uttoAoyIioTeEi N Jg
8) Na utrohoyioTei n TpoBoAn TnG diapéoou U, oTn BI.
AmAakidng ldavvng, Mabnuarikog, Bépoia

‘Eotw opBoywvia Tpiywva ABI™ ue F=90°kai ABT’ ME B =90°.

AvAlr=8,Bl =6, A'B" =12, AT =15, va decixB¢ei oTI:
nu(A-T")= —2—75. AmAakidng lavvng, Mabnuarikég, Bépoia

Na AuBei n e€iowon: ouv (KX)—%I‘]UZ (Ax) =0, 6mou K = NuA , TPIV®-

vou ABT, yia To oTroio 1oxUel: a® =B +y? +BV\@ Kal A = %v, oTT0U ©

V IKQVOTTOIEl TN OXEON: VO© = 2u8 +2u3 — 5.
AmAakidong ravvng, Maénuarikég, Bépoia

A
O1 xopdég AB kai 'A Tou KUKAOU TEUvVovTal
KGBeta oto E étol wote: AE = 3, EIr = 6 Nane
. B

3
- . A
kal AE = 2. Na uttoAoyIoTei n akTiva Tou 3 J
KUKAOU M= ——=K
I
5 A
A

AmAakidng rNavvng, 6
Ma6nuarikog, Bépoia

‘EOTW 0 KUKAOG 0TO BITTAQVO OO
ME akTiva 5 kal KEVTPo To A.

Av I'A = AE kai BI' = 8 va utroAoyi-
oTei TO TUAMa BE.

s
B i 5 §
AmAakidng ravvng,
Ma6nuarikég, Bépoia
E

Ta tpia Tpiywva Tou diITAavou oxXfua-
TOG €XOUV TTAPAAANAEG TTAEUPEG ME TIG
TTAEUPEG TOU PECQIOU TPIYWVOU Va a-
TToTeEAOUV pegotrapdAAnAoug. Av Ta
MAKN TWV TTAEUPWV TOU WEoaiou TpI-
ywvou eival 3, 4, 6 Kal n amdéoTacn
TWV TTAPOAANAWY PETALU TOUG gival 1
va Bpebei 1O €uPaddv Tou ypapuo-
OKIQOHEVOU TUAUATOG.

AmAakidng MNavvng, Mabnuarikog, Bépoia
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B11. S& Tpiywvo ABI pe AB < AT eivar AB = /73, 10 Upoc AA = 8 Kai n

dlauecog AM = —2265

a) Atrodei€Tte OTI TO IAKOG Tou TuRAPaTog MA eival %

B) AtodeiTe oTI: 2% — 0 = 119.
y) YToloyioTe Ta uAKN Twv TTAEUpWV a, B.
8) [poekTteivoupe TNV AM katd prikog MP = AM. YTroAoyioTe TO €upa-
O6v Tou TpIywvou AAP.
Oappalidng Aewvidag, Mabnuarikog, Kaoropia

*B12. Av o¢ Tpiywvo ABI eivai A= 60°, va arrodeixBei ot 2y, > B +%.

Kopdidou EAévn, Ma@nuarikog, Bépoia

*B13. To 1piywvo ABI Tou ditTAavou oxi- r
MaTog €xel eppaddv 10Ty, ‘Eotw 1O
onueia A, E, Z Twv mAeupwv AB, Z
Bl ka1 Al' avtioToixa wote AA = 2,
AB = 3 kai EABE = EABEZ = K. Na u- E
TTOAOYIOTEI TO K.
ArmAakidng lavvng,
Mabnuarikdég, Bépoia

*B14. 210 TpatéCio ABI'A o1 diaywviol
Téuvovtal oto O. Av S = (ABI'A),
S = (AOB), S, = (AOT"), va del-

)(GsiéTI:\/S_1+\/S_2=\/§. ©

ArmAakidng lavvng,
Mabnuarikdég, Bépoia

*B15. Aivetal Tpiywvo ABIT
kal onueio O oTo €-
OWTEPIKO Tou. AT
10 O @épvoupe TIG E E
TTAPAAANAEG TTPOG TIG ’ 2
TAEUpEC Tou ABI, 9
OTTWG @aivetal OTO
oxXNua. E,
Ovopdloupe: B

E = (ABT), E; = (0Z0), E,=(OEH), fE3=(OAI).
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Av 1oxver: E, +E, +E, =%E, va atrodelxBei 611 To O gival To KEVTPO

Bapoug Tou ABT. lwoneidng Nikog, Mabnuarikég, Bépoia

*B16. & TTapaAAnAdypappo ABI'A pe AB = a, Bl = B, éotw M ka1 P Ta pé-

oa Twv A kai BI' avriotoixa. Av AMB +APA =90°, va atodeixOei
om: o +p? 2%, 6mou E = (ABlA).

ATodeigTe OTI TO (=) I0XUel 0 pOUPO peE NUA = %

lwoneidng Nikog, Mabnuarikoég, Bépoia

B17. ZTIG TTAPOKATW TTEPITITWOEIG, OTTOU €ival duvaTo, va YpAYEeTE TO OIAVU-

B18.

B19.

B20.

B21.

oA Y WG YPANMIKO oUVIIOoHO Twv a Kal B.
a) a=(2-5), p=(14), v=(8 -7)

v
B) a=(4,3), B=(1-2), y=(24)
y) a=(2-1), B=(+42), vy =(53)
3) a=(3,-1), B=(62), v =(9 -3)

Mamadémoulogc MavwAng, Maénuarikog, Bépoia
AivovTai Ta SiavdopaTa AB = (k-1 2), AT =(k, 1), AA =(1k), kOR.

Na atrodeiteTe 611 yia KéOe KOR Ta onueia B, I, A gival cuveuBeiaka.
Mamadoémoulog MavwAng, Maénuarikog, Bépoia

Na ouykpivete Toug apiBuoug:

q) 22500 Kal 31562 B) 31335 Kal 41001 Y) 32312 Kal 17925

lwaoneidong Newvidag, Poitntii¢c Mabnuarikwyv A.n.e.

Na atrodeixBei 0TI TO YIVOUEVO dUO BIADOXIKWY AKEPAiIWY eV UTTOPET
va gival TETPAYWVO aKePaiou dIAYOPOU ToU PUNdEVOG.
lwoneidong Nikog, Maénuarikég, Bépoia

Av 0 aképaiog a # 0 gival yivopuevo 600 d1adoxIKWV akepaiwy, TOTE O A
Oev PTTOpEi va gival yivouevo U0 dIadoXIKWVY apTiwv.
lwoneidng Nikog, Mabnuarikog, Bépoia

*B22. AiVovTal Tl U OUYYPApIKG dlaviouaTa 6, B pe 6B #0. Av ioxUer:

(a R)[?Jf()? EE)Eﬁi:ﬁ, va ekppacTei T0 OlIdvuopa X OUVAPTACEI

TwV a Kal B. Mamaddémouroc MavwAng, Mabnuarikog, Bépoia
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*B23. Aivetal onueio A0, 2). 'EoTtw P éva onueio TTou Kiveital otov dgova

x'x ka1 M onueio Tng euBeiag AP, Tétolo wote AMLCAP =4 .
a) Na deifete 6T TO onueio M Kiveital aTov KUkAo X2 + (y — 1) = 1.
B) Av 10 P Bpioketal otn Béon (5, 0), va uttohoyioTei To ePadov Tou
Tpiywvou KMP, GTTOU K TO KEVTPO TOU TTAPATTAVW KUKAOU.
y) Na BpeBouv ol €€I0WOEIS TWV EQATITOUEVWY TOU KUKAOU TTOU
mepvouv amo 1o P(5, 0).
Mamaddémouroc MavwAng, Mabnuarikég, Bépoia
*B24. Znueio P kiveital Tadvw o€ pia euBeia (€) TTou Té€Uvel Tov dova XX
oTo 2 Kal Tov afova y'y a1o 4. ‘EoTw A kai B ol TpoBoAég Tou P 11d-
VW OTOUG GEOVEG X X KAI Y'Yy avTioTOIXA.
a) Na Bpedei n eCiowan Tng eubeiag (g).
B) Av A # 0 n teTunuévn Tou P, va d¢iCete OTI N e€iocwaon Tng guBeiag
AB givai: (4 — 2\)x + Ay + 2\> —4A = 0.
y) Na BpeBouv o1 cuvTteTayuéveg Tou P woTe n euBeia AB va di€pye-

Tal atrd TO ONnuEio % 1@
8) Na Bpebei n e€iowaon TNG YPAPMPAG TTAVW OTNV OTToIa KIVEITAI TO

onueio M av AM =2 [BM .
Mamaddémouroc MavwAng, Mabnuarikég, Bépoia

*B25. Aivetal n TTapaBoAr y* = 2px kai Ta onueia NG A, B, I', A. Na arro-
OcixBei 6T TO TETPATTAEUPO PE KOPUYEG Ta A, B, I, A dev ptmopei va
gival TTapaAAnAdypaupo.

lwaoneidong Nswpyirog, Mabnuarikog, Bépoia

*B26. Aivetal n apaBoAr y? = 2px kai Ta anueia g A(x1, Y1), B(X2, Y2),

(X3, ¥3) M€ Y1, Y2, Y3 2 0. Na atmmodeixBei 611 10 Tpiywvo ABI™ dev uttopei
va gival I00TTAEUPO.

" Avkeiov

M. Mia kAnpwTida tepiéxel dyvwaTo apiBuo KANpwv v, apiBunuévwy: 1, 2,
3, ..., v. EmAéyoupe otnv TUXN éva KAfRpo. Av n mBaAvOTNTA VA ETTIAE-
coupe TTEPITTO apIBuod gival Katd 4% peyaAuTepn atrd 1o va eTTIAEEOUE
dpTio, va Bpebei o v. lwoneidng Nikog, Malnuarikég, Bépoia

lwoneidng M'swpyiog, Mabnuarikog, Bépoia

r2. a) Mia petapAnTi X maipvel Tig TIéG: 1, 2, 3, 4 Je AVTIOTOIXEG OUXVOTN-
TG 10, Vo, V3, 25. Av To p€yeBog Tou deiypaTog cival 60 kal n péon Ti-
M TOu gival X = 2,8, TOTE:
i) va Bpebouv Ta vy, V.
ii) va BpeBei n didueoog Kal va e¢eTaoTel av To deiyua gival OOIOYEVEG.
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r3.

r4.

rs.

B) ‘Eotw pia petaBAnm W e Tipégyi = ax; + B, i=1, 2, 3, 4, 6TT0U X; OI TI-

MEG TNG PETABANTAG X Kai PE TIG idiEg ouxvoTnNTEG. EOTW akOpn y =28 n
péon TiuA TNg W.
i) Na Bpebei n oxéon mou ouvdéel Ta a, B.
ii) Na Bpebouv ol TIPEG TwV a, B WOTE TO YIVOPEVO AP va yivel PéyioTo.
iii) Na Bpebei n diakupavon 1ng W.
BapeAd Mapyapita, Mabnuarikog, Aénva
‘EoTw petaBAnt X n otroia akoAouBEi TNV KAVOVIKA KaTavour Kal EXEl
eupog R = 36 kai CV = 20%.
a) Na utrohoyioTei N géon TIPR X TOU BEiYHATOG.
B) Na utToAOyIOTEI TO TTOCOOTO TWV ATOUWY TTOU N TIUA TOUG €ival JE-
TagU 24 ka1 42.
y) Na ammodeixBei 6m av o1 Tigég TG X aug¢nBoulv katd w > 0, o CV Ba
MEIWOEI.
8) Na BpeBei n pikpdTEPN TIMA TOU W, WOTE TO d€iyua va yivel OuoIoye-
VEG. BapeAa Mapyapira, MaBnuarikog, Aénva

‘Eotw X i TTOOOTIKA METABANTH W TTPOGg TNV oTroia eEeTAloupe éva
Ociypa peyéBoug v kal ty, ty, ..., t, O TTApATNPACEIG e PEON TIMA X Kal
TUTTIKA aTTOKAION S.

Oewpoupe TN ouvaptnon: f(x) =2x* - (Y)3 x +10s, xOR.
Av n f TTapouacidalel yia x = 1 eAdxIOTO i00 pe —3,

a) Bpeite TN péon Ty X Kai TNV TUTTIKA aTTOKAION S.

B) Na egetdoeTe av TO deiyMa €ival OPOIOYEVEG.

y) Aufdavoupe kdBe TTapartrpnon katd Tnv idia mooomTa a > 0. Na
Bpeite TN MIKPOTEPN TIUN TOU @, WOTE TO deiyua va eival Twpa o-
MoloyeVEG. Zavrapidng Nikog, MaBnuarikog, Edsooa

‘Eotw Q = {1, 2, 3, 4, 5} 0 deIYHATIKOG XWPOG £VOG TTEIPAPATOS TUXNG.
MNa 116 TBaVATNTEG TWV OTOIXEIWOWY EVOEXOUEVWYV TOU Q 10XUEL

P(1) _P(2) _P@3) _P(4) _P(5)

2 5 3 4 6
a) Bpeite TIG TIBAVOTNTEG TWV OTOIXEIWDWY EVOEXOUEVWY ToU Q.

B) Oetwpolpe Tn ouvaptnon f(x) = e, xOR, o6tmou uOQ kal Ta evde-

XOMeEva:

A={u0Q/ f"(0)-3f'(0) + 2f(0) = O}

B={u0Q/ f"(0) > 4}

i) Na mapacTtaBolv pe avaypagr Ta evoexoueva A kai B.

ii) Na BpeBouv o1 mBavéTnTES TWV evdexouévwy AnB, AOB, A'n B.
Zavrapidng Nikog, MaBnuarikég, ‘Edsooa



AMOAAQNIOE T. 1o o1

re.

*TI7.

rs.

ro.

r1o.

‘EOTW X4, X2, ..., Xy TTAPATAPNOEIG HME PEON TIMA X > %

‘EOTW Y4, Y2, -.., Yy Ol TTAPATNPACEIG TTOU TTPOKUTITOUV OTTO TIG X4, X2, ..., Xy

peyi= 3x—2,i=1,2, ..., vka CV, =45%.

‘E0Tw 24, 2, ..., Z, O TTAPATNPACEIG TTOU TTPOKUTITOUV OTTO TIG X1, X2, ..., Xy

MEZ =2x—1,i=1,2, ..., vka CV, = 30%.

a) Na Bpeite TN péon TIUA X Kal TNV TUTTIKA aTTOKAION Sy TWV TIapATN-
PAOEWV X1, Xo, ..., Xy.

B) Na efetdoeTe av 1O deiyua €ival OUOIOYEVEG.
Zavrapidng Nikog, Ma@nuarikég, Edsocoa

Mia petaBAnTA Taipvel 10 Tinég ammd 1o auvolo {3, 5, 7}. H péon Tiun
TNG MTTOPEI Va gival:
A. 2,8 B.7,1 r.53 A. Kapyia atroé 1ig mapatrévw

lwoneidng Nikog, Maénuarikog, Bépoia
a) Na atrodeixBei ot yia kde x > 0 1oxUel: xThx = x — 1.
B) Ava, B,y>0kaia+p+y=3, va deixdei 61: a’BPYY = 1.
Maoyalidou Avrwvia, Ymoy. Texv. karsubuvong, Bépoia
Otwpoulpe TIG ouvapTACEIG: f(X) = In(nux) Kai g(x) = In(ouvx), x O ﬁ) gﬁ
a) Na peAetnBouv ol f Kal g wg TTpog TN JovoTovia.

B) Na deixBei 6TI: I; gef‘x’ []"(x))2 + (eg‘x) @'(x))de =1.

v) Na deix6si 6T: ‘eﬂﬁ’ -el@

] QO

<|B —al, yia k&B¢ a, O O, —.

B-afv B0 0.7
NMamradémouros Kworag, Mabnuarikég, Bépoia

a) Na BpeBei 0 y.1. (C4) TWV EIKOVWYV TWV PIYadikKwy z = X + i, X, YOR,
. - -\ —o\. . f_p Oo__ -
yIa TOUG OTTOI0UG I0XUE!: (2 +Z) g(z2 + 22)| +§(|z| +4)H =z -Z.

B) Av o0 apIBudg %(z +2)2 +i(z +Z) +2i eival avTaoTIKOG, Vo BPeBEi

0 Y.T. TwV EIKOVWY TOU Z.
Y) Av f(x) n ouvdptnon tmou opileTal amd 1o (a) epwTnua Kal g(x) n
ouvdapTtnon Tou opidetal ato 1o (B) epwTnNUA, VA UTTOAOYIOTEI TO:
2
[, 1700 = gx)|x
BapeAa Mapyapira, MaBnuarikog, Aénva
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11. 'Eotw pia epitth ouvéptnon f:R - R.
a) Na uttoAoyioBsi To oAokAfpWa J’_ﬂ f(x)dx
B) Na armodeixBei 611 n cuvdptnon g(x) = J’Oxf(t)dt eival GpTia.

v) Na utroAoyioBei 1o GOpoIcHa J'O_ﬂg(t)dt +J'Ong(t)dt
Kwordakog Ipnyopiog, Mabnuarikoég, ABnva
M2. Na ammodeixBei, yia kabe a, B, y, O0R, ue ad # By, OTI:
Cox +3 D

[T s~ = (a3 -By) [ £ (t)dt

Kwordakog Ipnyopiog, Mabnuarikoég, ABnva
*I13. a) Na Bpaeei o y T. TWV EIKOVWV TWV PIYadIKWYV Z YId TOUG OTTOIoUG
IOXUEL: | z -2 +4|| 22
B) Av zy, 2, zzUC, z1 £ zo # 23 £ Z4 KAll:
|(1-0)z, -2 +4i| =|(1 =)z, -2 +4i F(1 )z, 2 ]| 2V2
va Bpeite Tov piyadikoé z yia Tov oTToio 1IoXUEL:
2-2/=[z 2] =iz 2|
Mamadémoulos Kworag, Malnuarikog, Bépoia

*T14. Na BpeBei x=-3 R =3
T0 EPRAdOV Y
TOU OKIOOUEVOU []C,
Xwpiou ’ \
TToU BpiokeTal
OTO TTAPATTAEUPO / \
e ikl
pe Oedouévo y=13
OTI oI
OUVaPTHOEIG
fkalg
£Xouv TUTTOUG: I -

a(x)=1 .

Kwordkog pnyopiog, Mabnuarikég, Aénva
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*I15.

*T16.

*T17.

*r18. Aiverai n ouvdptnon f(x) =

Na BpeBei pia Tapaywyioiun ocuvaptnon f:R - R, n oTroia TAnpei Tn

oxéon: [in(f (x)) o (x)ax =e* I

Kwordkog Ipnyopiog, Mabnuarikog, ABriva

‘Eotw n ouvéptnon fR-R, f(x) :fﬂ eV Mutdt, aOR.
2

a) Av yia ka8e xOR 1ox0er: alff'(x) + np%(]‘(x) -1)=0kar f(0)=1-e¢,
va Bpebei 0 TUTTOG TNG ouvApTNONS g.
B) ‘Eotw n ouvdptnon K: R R, K(x) = I_Xleg‘” Mt Mux dt.
2

Na BpeBei 1o euBaddv Tou Xwpiou TTOU TTEPIKAEIETAlI METAEU TWV
YPOQIKWY TTOPACTACEWY TwV oUVAPTHOEWV K Kal g, KAl TwV KO-

, , 1
OéTWV gUbEIWY X = ) Kol X = TT.

Kwordkog Ipnyopiog, Mabnuarikég, Aénva

‘EoTtw pia ouvéptnon f: R R, cuvexig oo R, yia Tnv oTroia IoXUEL:

10
f(x)_ .IO 1+3f2(t)

a) Na deixBsi 611 f3(x) + f(x) = 10x, yia kGO xOR.

dt, yia kdbe xOR.

B) Na Bpebei n egiowan Tng epamTopévng TG C; 10 ONUEio TG
M(0, £(0)).
110
Na utroloyioete To [ ————dt
Y S ST
8) Na deixBei 611 utTApXEl Xo[(0, 1) TETOI0 WOTE f'(X0) = 4Xo.
€) Na peAetnBei n f wg TPog TN PovoTovia Kai va Bpedei To TTpdaon-

Ho NG f.
oT1) Na pyeAetnBei n f wg Tpog Ta KoiAa kail va Bpeite (av uTTdpxel) To

onueio kaptmMg g Cy.
0) Na deixBei 011 N f €xel oUvoAo TiHwV TO R.
n) Na SeixBsi 6T N f £xel avTIOTPOPN CUVAPTNON Kal va opioTei n f .
8) Na deixOei 611 yia kGBe xR 10X UEL: J’: f(t)dt < 5x2.
Zavrapidng Nikog, Ma@nuarikég, Edsocoa

2 xOR.
X“+2

a) Na peAetnBei n f wg Tpog TN YovoTtovia.
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*T19.

*T20.

*21.

V32

B) Na ouykpiBouv ol apiBuoi A=e kai B =§ :

x*+2
x2+2°
4x* +4x +3
8) Na AuBsin e€iowon e = ———, xOR.
) et i x?+2x +3
€) Na Bpedei To olvoro TiHwV TG f.

oT) Na Bpeite yia mmoieg TiuéG Tou AR n e€iocwon;:

y) Na AuBsi n aviowon % > XOR.

e =(A-N)(x? +2) éxel Auon oo R.
Zavrapidng Nikog, MaBnuarikog, Edsooa

MNa TV dUo Popég TTapaywyioiun ocuvapTtnon f: ﬁ—g gﬁ - R 1oxUer:

7 (x)=2f(x)F" (x) yia kaBe x[J @—ggﬁ kal f(0)=f(0)—-1=0.

C i g . gm Qg
Na Seix8 =1+ f? 8e xO [—, —(1.
a) Na deixbei 611 f'(X) f9(x) yia kaB¢g x B—z ZH

B) Na deixB¢ei 611 n cuvdptnon h(x) = onﬁdt, xOR eivar "1-1".
y) Na BpeBei n Tapdywyog TG auvapTNoNG:
O m mQy
=h -h X085 —, —
90) = h(f0))=h(egx),x 07 2.2 0

8) Na Bpebei o T0TTOC TNG f.
Zavrapidng Nikog, MaBnuarikég, ‘Edsooa
‘EoTw pia Tapaywyioiun ouvdptnon f: R R yia Tnv oTroia 1I0¥UEL:

f'(x) = 4x%e*’ yia k&Oe xOR kai f(1) = 0.
a) Na Bpebei To TPOGONUO TNG f.
B) Na BpeBoulv Ta diaocTApaTta oTa otroia n f €ival KUPTA 1 KOIAN Kal
n 8éon onueiou KauTAS TG f.
y) Na BpeBei To epPaddv Tou xwpiou tTou TepIKAEieTal o1d TNV Cy,

TOV Agova X X Kal TIg euBeieg x = 0 kal x = 1.
Zavrapidng Nikog, MaBnuarikog, Edsooa

a) Na deixBei 611 X% = x + Inx yia k&GO xOR.
B) Ava, B, yOR, kai aBY = 1, va SeixBei 611 o’ +B2+y?=a+B+y.
v) Na deix0si 61 yia K&Oe k, A, yOR, 10XV

K2+ A2+ p% 2 (K+A+ ) 3k O\ U
Zavrapidng Nikog, MaBnuarikog, Edsooa



AMOAAQNIOE T. 1o 95

*[22.

*T23.

*T24.

*I25.

*T26.

a) Na atmmodeixBei 611 n ouvaptnon g(x) =x + Inx, x > 0 eivar "1-1".
B) MNa Tnv Tapaywyioiun ouvaptnon f: R R I1ox0el:
x 1+¢'
X)>0kal f(x)=1+ t) 3———dt yia ka6 xOR.
1) 109=1+ [ OB —rdt y
i) Na deix0ei 611 f(x) + Inf(x) = x + &* yia kG0e x[IR.

ii) Na BpeBei o TUTTOG TNG f.
Zavrapidng Nikog, MaBnuarikog, Edsooa

Ocwpoulpe Tn ouvexn ouvdptnon f: RS R, yia Tnv otroia 1oy UEl:
f(x) = J’ox (t-x) f(t)dt +x yia ka8e xOR.
a) Na deixbei 611 f7(x) + f(x) = 0 yia k&Be x[R.

B) Oewpouue Tn cuvapTnon:
a()= (f ) —nux)* +(f (x) —ouvx)’, xOR.
i) Na dcixB¢i 611 n g ival oTaBepn oTo R.
ii) Na Bpebei o TOTTOC TNG f.
Zavrapidng Nikog, MaBnuarikog, Edsooa

Av n ouvdptnon f: R- R gival yv. adgouoa Kal IKaVOTIoIEi TN oxéon:

fD( +y +f;x) +f(Y)§: X +Yy, yla k@0 x, yOR,

a) Na Seicere 611 £(0) = 0 kar f B g (x)0

H: X, yia ka0e xOR.
B) Bpeite Tn ouvdpTtnon f.
MNMamradémouroc Kworag, Mabnuarikég, Bépoia

H ouvdapTtnon f eival ocuvexng oto [a, B] kal dUo Qopég TTapaywyiol-
MNn oto (a, B). loxvel akéun: To guBUypaUUO TUAMG TTOU CUVOEEl Ta
onueia A(a, f(a)) kai B(B, f(B)) Tng Cs tépvel Tn C, o€ éva TpiTo ON-
peio I (y, f(y)). Na ammodeixBei 611 utrdpyel E0(a, B) pe f"(§) = 0.

Mamadémoulos Kworag, Malnuarikog, Bépoia
AivovTal o1 ouvexeic ouvapTAoelS f, g:R - R pe Tnv 1810TNTA:
f(1=x)+ f(1 +x)=9g(1 —x) +g(1 —x), yia kd0e xOR.
Na deixBei oI
a) Ioz f(x)dx :J’02 g(x)dx
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*I27.

*28.

*T29.

*T30.

B) utrapxel €0(0, 2), Tétoio woTe f(€) = g(g).
MNMamradémouros Kworag, Mabnuarikég, Bépoia

a) ‘Eotw ouvdptnon f ouvexng oTo [a, B].
Na SeixBei 611 uttdpyouv g, MOR: (B - a) sJ'Bf(x)dx <M(B-a).

B) Av lim f(x)=0, va SeixBei ot : lim I:” F(tydt =0

y) 'EoTtw ouvdptnon f, ouvexnig oto R, n otroia déxeTal Tnv ubtia
pe gGiowon y = 3x + 1 TTAQyI0 aCUPTITWTN, KABWG X — +oo.
x+1
Na BpeBei 10 lim t)dt - 3xC.
a Bpebei To X£+WB-X f(t) XE
MurapéAAng Mavayiwrng, MaBnuarikég, MutiAvn
‘EoTtw ouvaptnon f: (0, +o) - R pe f"(x) > 0 yia kaBe x > 0.
Av n C; déxetan eparrropévn TNV y = 3X, va OeIXOei OTI:
a) f(x)> 0 yiakaBe x > 0.
B) H ouvaptnon h(x) = xf'(x) — f(x) eival yv. at€ouaa aTo (0, +w)
Kal Iirrg f(x)>0
y) Na Bpeboiv ol Tigég Tou AR, yia TG oTroieg N e€iowan f(x) = Ax

£xel Auon,.
MurapéAAng Mavayiwrng, MaBnuarikog, MutiAvn

Av f(x) = Vx*+x,x>0,

a) arrodei¢te 6T N f avTIOTPEPETAL.

B) utroAoyioTe TNV TIUA TOUu OAOKANPWUATOG: | = J‘j_;_ox F(x)dx

Oappalidng Aewvidag, Mabnuarikég, Kaoropid
Mo ™ ouvexn ouvaptnon f 1oxoer: (f o f)(x) =x -2, yia xOR.
Ocwpoulpe TN ouvapTnon: g(x) :I:_z f(t)dt.

Av J’;f(t)dt :I;f(t)dt, Oeigte 01 n C4 TTapIoTAVEl EUBEiQ TTOU TTEPVA
atréd 1o onpeio (0, —4).

Toiroupng AAé§avdpog, Mabnuarikog, Néa Zuupvn, ABnva



